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Sample Space 
 
Problem of the Day: A family has two kids, one of them is a girl. What is the probability that 
both kids are girls? 

 To solve the problem, we need to have a statistical model. 
 

 Statistical model is a set of assumptions 
 A1: For each kid, Prሺܤሻ ൌ Prሺܩሻ ൌ 0.5 
 A2: The gender of the two kids are independent 

 
 Sample Space is the list of elementary events with their probability of occurrence. 

 
 Interpretation of the Problem 

1) Suppose I have no additional information about the family. Then we have 4 elementary 
events, each with the same probability 1 4⁄ . 

 
Since my information is that at least one kid is a girl, this rules out the event (B, B). Thus, 
the sample space becomes {(G,G), (G,B), (B,G)}, in which each element has the same 
probability 1 3⁄ . 
 
Therefore, the answer under Interpretation 1 is 1 3⁄ . 
 

2) Suppose, in addition to the information given, I have also met a girl from this family. 
Now the experiment is simply about the other kid whom I have never met. In this case, 
the sample space is {B, G}, and each element has the same probability 1 2⁄ .  
 
Therefore, the answer under Interpretation 2 is 1 2⁄ . The fact that I have met a girl in this 
family increases the probability of the family having two girls from 1 3⁄  to 1 2⁄ .  
 

 Conclusion: Always make explicit the following: 
 The statistical experiment 
 The sample space Ω ൌ ሼ߱ଵ, … , ߱ேሽ  where ߱௡ ’s are elementary events and their 

probabilities 
 The statistical model 

 
 If possible, we should define the elementary events so that the statistical model leads to think 

that all elementary events have the same probability. 
 If the sample space is FINITE,  

ܲሺܣሻ ൌ
number of elementary events in ܣ

number of elements in Ω ൌ
ܣ#
#Ω 

where ܣ is an event not necessarily elementary, i.e. ܣ is a list of elementary events. 

B 

G 

(G, B) = 1/3  

(G, G) = 1/3 

(B, G) = 1/3 

(B, B) = 0 
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 In this case, ܲሺܣሻ is the uniform probability on Ω,  
ܲ ׷ ࣪ሺΩሻ ՜ ሾ0, 1ሿ 

ܣ հ
ܣ#
#Ω 

 
 
  



Econ 831 Math Econ  Sept 13, 2010 

 Page 3 of 61 

Algebras and ࣌-Algebras of Events 
 
Problem: I throw a piece of chalk on the blackboard. What is the probability for the chalk to hit 
below the given curve? 
 

 
 

 Sample space: Ω ൌ ሼ݈݈ܽ ݀ݎܽ݋ܾ݈ܾ݇ܿܽ ݄݁ݐ ݊݋ ݏݐ݊݅݋݌ ݄݁ݐሽ 
 Statistical model 

 Assume that all the points on the blackboard have the same probability of being hit. 
Then,  ߱׊ א Ω ׷ ܲሺሼ߱ሽሻ ൌ ߳  ֜   ߳ ൌ 0. That is, if we ask about the probability of a 
single point being hit, the answer is going to be zero. Therefore, we need to resort to a 
different measure of probability—expressed as the area under a curve. 

 

 
 

In the cases of constant and step-functions, the probability of the chalk hitting inside 
ሻܣis ܲሺ ܣ ൌ ௔௥௘௔ ௢௙ ஺

௔௥௘௔ ௢௙ Ω
. We can extend this idea to any function ݂ሺݔሻ. 

 To find the probability of an event in general, given a function ݂ሺݔሻ.  
• Define the event ܣ as  

ܣ ؔ ሼ߱ ൌ ሺݔ, ሻݕ א Ω ׷ ݕ ൑ ݂ሺݔሻሽ 
• Define the events ܣ௡ as 

௡ܣ ؔ ሼ߱ ൌ ሺݔ, ሻݕ א Ω ׷ ݕ ൑ ௡݂ሺݔሻሽ 
where 

௡݂ሺݔሻ ؔ ෍
݇

2௡  ૚
ቄ ௞
ଶ೙ஸ௙ሺ௫ሻழ௞ାଵ

ଶ೙ ቅ

௡ଶ೙ିଵ

௞ୀ଴

, ݊׊ א Գ 

૚
ቄ ௞
ଶ೙ஸ௙ሺ௫ሻழ௞ାଵ

ଶ೙ ቅ
ൌ ൝1

݇
2௡ ൑ ݂ሺݔሻ ൏

݇ ൅ 1
2௡

0 ݁ݏ݅ݓݎ݄݁ݐ݋
 

♦ ௡݂ሺݔሻ ൑ ௡݂ାଵሺݔሻ for all ݔ and all ݊ 
♦ lim௡՜ஶ ௡݂ሺݔሻ ൌ ݂ሺݔሻ 

݂ሺݔሻ ൌ 1 3⁄  
A step-function ܣ

ܣ
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1
2௡ൗ  

2
2௡ൗ  

݇
2௡ൗ  

݇ ൅ 1
2௡ൗ  

݂ሺݔሻ 

௡݂ሺݔሻ 
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Algebras and ࣌-Algebras (Cont’d)  
 

 Recap. 
Let ܣ ൌ ሼ߱ ൌ ሺݔ, ሻݕ א Ω ׷ ݕ ൑ ݂ሺݔሻሽ  
Let ܣ௡ ൌ ሼ߱ ൌ ሺݔ, ሻݕ א Ω ׷ ݕ ൑ ௡݂ሺݔሻሽ and ௡݂ሺݔሻ ൌ ௡݂ሺݔሻ ؔ ∑ ௞

ଶ೙  ૚ቄ ೖ
మ೙ஸ௙ሺ௫ሻழೖశభ

మ೙ ቅ
௡ଶ೙ିଵ
௞ୀ଴  

We can show 
݊׊ (1 א Գ, ݔ׊ א Թ ׷ ௡݂ሺݔሻ ൑ ௡݂ାଵሺݔሻ 
2) ௡݂ is increasing implies that ௡݂ has a limit. Thus, lim௡՜ஶ ௡݂ ՜ ݂ for all ݔ. 
 
As a result of (1) and (2), ܣ௡ ൌ ሼሺݔ, ሻݕ ׷ ݕ ൑ ௡݂ሺݔሻሽ  is such that ܣ௡ ؿ ௡ାଵܣ , i.e. ܣ௡  is 
increasing. Therefore, ׫௡ ௡ܣ ൌ   and we can say ,ܣ

ܲሺܣሻ ൌ lim ܲሺܣ௡ሻ 
We can define ܲሺܣሻ for any set ܣ ൌ ሼሺݔ, ሻݕ ׷ ݕ ൑ ݂ሺݔሻሽ such that  

lim ܲሺܣ௡ሻ ൌ lim න ௡݂ሺݔሻ ݀ݔ
௕

௔
ؠ න ݂ሺݔሻ ݀ݔ

௕

௔
 

More generally, whenever, ݂ is Riemann integrable, we can get ܲሺܣሻ by using the step-wise 
approximation. 
 

 Conclusion: For any sample Ω, the events ܣ for which I can define ܲሺܣሻ are the subsets 
of Ω including at least 
 Ω itself (by definition, ܲሺΩሻ ൌ 1) 
 If ܲሺܣሻ exists, then ܲሺܣҧሻ ൌ 1 െ ܲሺܣҧሻ 
 If ܣ and ܤ are included, then ܣ ת ܣ is included, and also ܤ ׫  ܤ
 If ܣ௡ is included in ܣ௡ାଵ, and all the ܣ௡’s are such that ܲሺܣ௡ሻ exist, then ׫௡  ௡ hasܣ

to be included. 
 

 Definition. Let Ω be the sample space. An algebra ࣛ of events of events of Ω is a family of 
subsets of Ω (i.e. ࣛ ؿ ࣪ሺΩሻ) such that 

1) Ω א ࣛ 
ܣ (2 א ࣛ ֜ ௖ܣ א ࣛ 
,ܣ (3 ܤ א ࣛ ֜ ሺܣ ת ሻܤ א ࣛ 

ࣛ is a ࣌-algebra (or ࣌-field) if in addition, we have  
௡ܣ (4 א ࣛ, ݊׊ א Գ ׷ ௡ܣ ؿ ௡ାଵܣ  ֜ ڂ  ௡௡ܣ א ࣛ 
 

 Remark. If ࣛ  is an algebra, ܣ׊ଵ, … , ேܣ  finite collection of sets such that ܣ௜ א ࣛ , 
݅ ൌ 1, … , ܰ, then ڂ ௜ܣ

ே
௜ୀଵ א ࣛ, and ځ ௜ܣ

ே
௜ୀଵ א ࣛ 

 Note. By the De Morgan’s Law, ܣ ׫ ܤ ൌ ሺܣҧ ת  .തሻതതതതതതതതതതܤ
 Remark. If Ω is finite and ࣛ ك ࣪ሺΩሻ, then ࣛ algebra ֞ ߪ-algebra 

 Note. If Ω is infinite, then ߪ-algebra ֜ ࣛ algebra (but not reverse, see e.g. on P.11) 
 

 Theorem. If Ω is countable and ࣛ is a ߪ-algebra of Ω such that ߱׊ א ࣛ ׷ ሼ߱ሽ א ࣛ, then 
ࣛ ൌ ࣪ሺΩሻ 

 Proof. We will demonstrate the equality by showing ࣛ ك ࣪ሺΩሻ and ࣪ሺΩሻ ك ࣛ.  
First, by the definition of a ߪ-algebra, ࣛ ك ࣪ሺΩሻ.  
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Next, to show that ࣪ሺΩሻ ك ࣛ, we need to show that ܤ׊ ׷ ܤ א ࣪ሺΩሻ  ֜ ܤ א ࣛ. Since Ω 
is countable, we can describe its elements as  

Ω ൌ ሼ߱ଵ, … , ߱௡, … ሽ 
Consider the following sets ܣ௡ defined for ݊ א Գ as ܣ௡ ൌ ሼ߱ଵ, … , ߱௡ሽ. It is easy to show 
that ܣ௡ א ࣛ and ܣ௡ ك ௡ାଵܣ :௡ାଵ (e.g. by recurrenceܣ ൌ ௡ܣ ׫ ሼ߱௡ାଵሽ). 
Now consider any set ܤ א ࣪ሺΩሻ, we can always rewrite ܤ as  

ܤ ൌ ܤ ת Ω 

ൌ ܤ ת ራ ௡ܣ

ஶ

௡ୀଵ

 

ൌ ܤ ת lim
௡՜ஶ

ራ ௞ܣ

௡

௞ୀଵ

 

ൌ ܤ ת lim
௡՜ஶ

 ௡ܣ
ൌ lim

௡՜ஶ
ሺܤ ת  ௡ሻܣ

א ࣛ 
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Probability Measure 
 

 Definition. Let ሺΩ, ࣛሻ be a measurable space, where Ω is the sample space and ࣛ is a ߪ-
algebra.  

,is a measure on ሺΩ ߤ  ࣛሻ if and only if 
ߤ ׷ ࣛ ՜ Թഥ ା 

ܣ հ  ሻܣሺߤ
is such that  

ሻ׎ሺߤ (1 ൌ 0 
ڂሺߤ (2 ௜ܣ

ஶ
௜ୀଵ ሻ ൌ ∑ ௜ሻஶܣሺߤ

௜ୀଵ  
where ሺܣ௜ሻ are pair-wise disjoint sets with ܣ௜ א ࣛ for all ݅ א Գ. 

 ܲ is a probability measure if and only if  
 ܲ is a measure 
 ܲሺΩሻ ൌ 1 

Therefore,  
ܲ ׷ ࣛ ՜ ሾ0, 1ሿ 

ܣ հ ܲሺܣሻ 
 Remark. If ܣ, ܤ א ࣛ ׷ ܣ ת ܤ ൌ ܣሺߤ then ,׎ ׫ ሻܤ ൌ ሻܣሺߤ ൅  .ሻܤሺߤ

 Consider countable collection ܣ, ,ܤ ,׎ … ,  use (2) and (1) ,׎
 Remark. If ܣ, ܤ א ࣛ ׷ ܣ ك ሻܣሺߤ then ,ܤ ൑  ሻܤሺߤ
 Remark. Consider the measure space ሺΩ, ࣛ, ሻߤ , and ܤ א ࣛ ׷ 0 ൏ ሻܤሺߤ ൏ ∞ . The 

associated probability measure on ሺܤ, ࣛ ת  ሻ is defined asܤ

ܵ׊ א ࣛ ת ܤ ׷ ܲሺܵሻ ൌ
ሺܵሻߤ
 ሻܤሺߤ

 Note. ሺࣛ ת ሻܤ ൌ ሼܵ ൌ ሺܣ ת ሻܤ ׷ ܣ׊ א ࣛሽ (ك ࣪ሺܤሻ?) 
 

 Uniform Probability Measure 
 Ω is finite: 

ܲሺሼ߱ሽሻ ൌ
1

#Ω , ߱׊ א Ω 
 Ω is infinite (and not countable), e.g. Ω ൌ Թଶ. I can define the Lebesgue Measure on Թଶ, 

which is  
ሻܣሺߤ ൌ ,ܣ ݂݋ ܽ݁ݎܣ ܣ׊ א ࣛ ൌ ࣪ሺԹଶሻ 

 
 Consider ܤ ؿ Ω ൌ Թଶ (think of ܤ as the blackboard), with 0 ൏ ሻܤሺߤ ൏ ∞. 

From the Lebesgue measure (area of Թଶ ) on Թଶ , I can define uniform probability 
measure ܲ on ܤ ת ࣛ ൌ ሼܤ ת ࣛ ׷ ܣ א ࣛሽ as  

ܲሺܵሻ ൌ
ሺܵሻߤ
ሻܤሺߤ , ܵ׊ א ሺܤ ת ࣛሻ 

 
 Empirical Probability Measure 

 Assume we have a statistical experiment with draws ߱ א Ω. 
 After ݊ repetitions of the experiment, we have ሺ߱ଵ, … , ߱௡ሻ. The sampling frequency of 

 is given by ܣ
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ܣ׊ א ࣛ ׷ ௡݂ሺܣሻ ൌ
1
݊ ෍ ૚ሼఠ೔א஺ሽሺ߱௜ሻ

௡

௜ୀଵ

 

 E.g. ܣ could be “rolling a dice and get 3” or “rolling a dice and get 3, 4, 5” 
 We can show that ௡݂ is a probability measure. 

 
 Law of Large Numbers (LLN) 

 Remark. We want to understand the connection between ௡݂ሺܣሻ and ܲሺܣሻ, where the 
latter is the population (“genuine”) probability of event ܣ. 

 E.g. Toss a coin 

 
If I repeat my experiment ݊ times 

௡݂ሺ݀ܽ݁ܪሻ ൌ
ݏ݊݋݅ݐܽݒݎ݁ݏܾ݋ ݀ܽ݁ܪ ݂݋ #

݊  
Sample space: 

Ω ൌ ൛ሺ߱௜ሻଵஸ௜ஸ௡ ׷ ߱௜ א ሼܪ, ܶሽൟ 
under the assumption that  

1) Tosses are independent 
2) ܲሺܪሻ ൌ 1 2⁄  

ܲሺሼሺ߱௜ሻଵஸ௜ஸ௡ሽሻ ൌ
1

2௡ , ሺ߱௜ሻଵஸ௜ஸ௡׊ א Ωሺ௡ሻ 

• Strictly speaking, it is possible to only get heads with probability 1 2௡⁄ . In this 
case, ௡݂ሺܪሻ ൌ 1, which does not converge to ܲሺܪሻ ൌ 1 2⁄ . However, 

ܲሺሼ ௡݂ሺܪሻ ൌ 1ሽሻ ൌ
1

2௡  ՜  0 
Here, we need to understand the meaning of ௡݂ሺܪሻ  converges to ܲሺܪሻ  with 
probability approaching 1. 
 

 Definition. Monotone sequence 
 A sequence ܣଵ ك ଶܣ ك ڮ ك ௡ܣ ك  :is called an increasing sequence with limit ڮ

lim
௡

௡ܣ ൌ ራ ௡ܣ

ஶ

௡ୀଵ

ൌ lim
௡

՛  ௡ܣ

 A sequence ܣଵ ل ڮ ل ௡ܣ ل   :is decreasing with limit ڮ

lim
௡

௡ܣ ൌ ሩ ௡ܣ

ஶ

௡ୀଵ

ൌ lim
௡

՝  ௡ܣ

 A monotone class is a class that contains the limits of all its increasing and decreasing 
sequences. 
 A ߪ-algebra is a monotone class (this is true by the last theorem in homework 1). 

Head  ሺ݌ሻ 

Tail ሺ1 െ ሻ݌
Head 

Tail 

Tail 

Head 

 ڮ
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 A class is a collection of sets. 
 

 Theorem. Monotone Continuity of Probability Measure 
 Consider a probability measure ܲ on ሺΩ, ࣛሻ where ࣛ is a ߪ-algebra 
 Suppose ሺܣ௡ሻ௡ ك ࣛ is an increasing (and countable) sequence in ࣛ, and ሺܤ௡ሻ௡ ك ࣛ a 

decreasing (countable) sequence in ࣛ. Then, 
1) ܲሺlim ՛ ௡ሻܣ ൌ lim௡՜ஶ ܲሺܣ௡ሻ 
2) ܲሺlim ՝ ௡ሻܤ ൌ lim௡՜ஶ ܲሺܤ௡ሻ 
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Monotone Continuity Theorem (cont’d) 
 

 Theorem. Monotone Continuity of Probability Measure. 
 Consider a probability measure ܲ on ሺΩ, ࣛሻ where ࣛ is a ߪ-algebra 
 Suppose ሺܣ௡ሻ௡ א ࣛ is an increasing (and countable) sequence in ࣛ, and ሺܤ௡ሻ௡ א ࣛ a 

decreasing (countable) sequence in ࣛ. Then, 
1) ܲሺlim ՛ ௡ሻܣ ൌ lim௡՜ஶ ܲሺܣ௡ሻ 
2) ܲሺlim ՝ ௡ሻܤ ൌ lim௡՜ஶ ܲሺܤ௡ሻ 

Proof. We can define a sequence of disjoint sets ሺܥ௡ሻ such that  
௡ାଵܥ ൌ ,௡ܣ\௡ାଵܣ ݊׊ א Գ 

ଵܥ ൌ  ଵܣ
 Note. ڂ ௞ܥ

௡
௞ୀଵ ൌ ڂ ௞ܣ

௡
௞ୀଵ ൌ  ௡. (We can justify this claim by induction.)ܣ

ܲሺlim ՛ ௡ሻܣ ൌ ܲ ൭ራ ௡ܣ

ஶ

௡ୀଵ

൱ 

ൌ ܲ ൭ራሺܣ௡ାଵ\ܣ௡ሻ
ஶ

௡ୀଵ

൱ 

ൌ ෍ ܲሺܣ௡ାଵ\ܣ௡ሻ
ஶ

௡ୀଵ

 

ൌ lim
௡՜ஶ

෍ ܲሺܣ௞ାଵ\ܣ௞ሻ
௡

௞ୀଵ

 

ൌ lim
௡՜ஶ

ܲ ൭ራሺܣ௞ିଵ\ܣ௞ሻ
௡

௞ୀଵ

൱ 

ൌ lim
௡՜ஶ

ܲሺܣ௡ሻ 
 ז

 Definition. Limit Superior and Limit Inferior: 

lim sup
௡՜ஶ

௡ܣ ൌ ሩ ራ ௠ܣ
௠ஹ௡

ஶ

௡ୀଵ

 

 .௡ occurs infinitely many timesܣ 

lim inf
௡՜ஶ

௡ܣ ൌ ራ ሩ ௠ܣ
௠ஹ௡

ஶ

௡ୀଵ

 

 .௡ occurs eventuallyܣ 
 ሺΩ, ࣛሻ a ߪ-algebra, ሺܣ௡ሻ א ࣛ, ߱ א Ω. What does it mean to say ߱ א ൫lim sup  ??௡൯ܣ

߱ א ൬lim sup
௡՜ஶ

௡൰ܣ   ֞ ݊׊   א Գ, ݉׌ ൒ ݊ ׷ ߱ א  ௠ܣ

 Similarly,  
߱ א ቀlim inf

௡՜ஶ
௡ቁܣ   ֞ ݊׌   א Գ, ݉׊ ൒ ݊ ׷ ߱ א  ௠ܣ

 Reference: 
http://en.wikipedia.org/wiki/Limit_superior_and_limit_inferior#Special_case:_discrete_
metric 
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 ሼ ௡݂ሺܣሻ ՜ ܲሺܣሻሽ is an event because it is in the sample space Ωሺஶሻ with  
Ωሺஶሻ ൌ ሼሺ߱௜ሻ௜אԳ ׷ ߱௜ א ሼܪ, ܶሽ  ݅׊ א Գሽ 

 ሼ ௡݂ሺܣሻ ՜ ܲሺܣሻሽ is the set containing all the ௡݂’s that converge to ܲሺܣሻ, i.e. 1 2⁄ . 
ഥ߱ א ሼ ௡݂ሺܣሻ ՜ ܲሺܣሻሽ   ֞   ௡݂ሺܣሻሺఠഥ ሻ

௡՜ஶ
ሱۛ ሮۛ ܲሺܣሻ 

֞ ߳׊   ൐ 0, ݍ׌ א Գ, ݊׊ ൒ ݍ ׷ ห ௡݂ሺܣሻሺఠഥ ሻ െ ܲሺܣሻห ൑ ߳ 

֜ ݇׊   א Գ, ݍ׌ א Գ, ݊׊ ൒ ݍ ׷ ห ௡݂ሺܣሻሺఠഥ ሻ െ ܲሺܣሻห ൑
1
݇ 

֞   ഥ߱ א ሩ ራ ሩ ൜ห ௡݂ሺܣሻሺఠഥ ሻ െ ܲሺܣሻห ൑
1
݇ൠ

௡ஹ௤

ஶ

௤ୀଵ

ஶ

௞ୀଵ

 

 Note. Union corresponds to existential quantifier, and intersection to universal quantifier: 
՞׫ ,׌ and, ՞ת  .׊

 
 

ܲ൫ ௡݂ሺܣሻ ՜ ܲሺܣሻ൯ ൌ lim
௞՜ஶ

՝ lim
௤՜ஶ

՛ ܲ ቌሩ ൜| ௡݂ሺܣሻ െ ܲሺܣሻ| ൑
1
݇ൠ

௡ஹ௤

ቍ 

ൌ lim
௞՜ஶ

՝ lim
௤՜ஶ

՛ ܲ ቆsup
௡ஹ௤

| ௡݂ሺܣሻ െ ܲሺܣሻ| ൑
1
݇ቇ 

 Recall: 

௡݂ሺܣሻሺఠሻ ൌ
1
݊ ෍ ૚ሼఠೖא஺ሽ

௡

௞ୀଵ

 

with ߱௜ א ሼܪ, ܶሽ, ܣ ൌ getting H 
Ωሺ௡ሻ ൌ ൛ሺ߱௜ሻଵஸ௜ஸ௡ ׷ ߱௜ א ሼܪ ൏ ܶሽൟ 

 
 Definition. Almost Surely Convergence and Probability Convergence 

௡݂ሺܣሻ
௔.௦.
ሱሮ ܲሺܣሻ  ֞ ߳׊   ൐ 0 ׷ ܲ ቆsup

௤ஹ௡
ห ௤݂ሺܣሻ െ ܲሺܣሻห ൐ ߳ቇ

௡՜ஶ
ሱۛ ሮۛ 0 

௡݂ሺܣሻ
௣
՜ ܲሺܣሻ   ֞ ߳׊   ൐ 0 ׷ ܲሺ| ௡݂ሺܣሻ െ ܲሺܣሻ| ൐ ߳ሻ

௡՜ஶ
ሱۛ ሮۛ 0 
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Convergence 
 

 Recall the two definitions 
 Convergence in probability 

௡݂ሺܣሻ
௣
՜ ܲሺܣሻ   ֞ ߳׊   ൐ 0 ׷ ܲሺሼ| ௡݂ሺܣሻ െ ܲሺܣሻ| ൐ ߳ሽሻ

௡՜ஶ
ሱۛ ሮۛ 0 

֞ ߳׊   ൐ 0 ׷ ܲሺሼ| ௡݂ሺܣሻ െ ܲሺܣሻ| ൑ ߳ሽሻ
௡՜ஶ
ሱۛ ሮۛ 1 

 Convergence almost sure 

௡݂ሺܣሻ
௔.௦.
ሱሮ ܲሺܣሻ   ֞ ߳׊   ൐ 0 ׷ ܲ ቆቊsup

௤ஹ௡
ห ௤݂ሺܣሻ െ ܲሺܣሻห ൐ ߳ቋቇ

௡՜ஶ
ሱۛ ሮۛ 0 

֞ ߳׊   ൐ 0 ׷ ܲ ቆቊsup
௤ஹ௡

ห ௤݂ሺܣሻ െ ܲሺܣሻห ൑ ߳ቋቇ
௡՜ஶ
ሱۛ ሮۛ 1 

 Note. ௡݂ሺܣሻ
௔.௦.
ሱሮ ܲሺܣሻ   ֜   ௡݂ሺܣሻ

௣
՜ ܲሺܣሻ 

 In general, however, the reverse does not hold. Consider  

ܲ ቆቊsup
௤ஹ௡

ሺห ௤݂ሺܣሻ െ ܲሺܣሻห ൐ ߳ቋቇ ൌ ܲ ቌራ൛ห ௤݂ሺܣሻ െ ܲሺܣሻห ൐ ߳ൟ
௤ஹ௡

ቍ 

൑ ෍ ܲ൫൛ห ௤݂ሺܣሻ െ ܲሺܣሻห ൐ ߳ൟ൯
௤ஹ௡

 

 Convergence almost sure is the Strong LLN 
• This is the stochastic analog of “pointwise convergence”. 

 Convergence in probability is the Weak LLN 
• Continuous Mapping Theorem. For every continuous function ݃, if ݔ௡

௣
՜  then ,ݔ

݃ሺݔ௡ሻ
௣
՜ ݃ሺݔሻ. 
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Quality Control and Sampling with / without Replacement 
 

 Sampling with / without Replacement 
 Population of ܰ individuals 
 Draw ݊ individuals among ܰ 

 
 1st experiment (with replacement): 

 Draw 1 individual from the population (this is #1). Put it back 
 Draw 1 individual from the population (this is #2). Put it back 
 … 

 
 Sample space 

Ω ൌ ሼ߱ ൌ ሺ߱ଵ, … , ߱௡ሻ ׷ ߱௜ א  ሽ݊݋݅ݐ݈ܽݑ݌݋݌
where #Ω ൌ ܰ௡ 
 Assuming independent draws, then 

ܲሺሼ߱ሽሻ ൌ
1

ܰ௡ 
 

 2nd experiment (without replacement): 
 Draw 1 individual from the population  

 This is #1 
 Draw 1 individual from the remaining population 

 This is #2 
 … 

 
 Sample space: 

Ωכ ൌ ൛߱ ൌ ሺ߱ଵ, … , ߱௡ሻ ׷ ߱௜ א ר ݊݋݅ݐ݈ܽݑ݌݋݌  ߱௜ ് ௝߱ ݂ݎ݋ ݅ ് ݆ൟ 
where Ωכ ؿ Ω with 

#Ωכ ൌ ܰሺܰ െ 1ሻሺܰ െ 2ሻ  ڮ
 

 The two experiments / models are compatible. 
ܲ defined on Ω  ֜   ܲ defined on ൫Ωכ,  ሻ൯כሺΩߪ

We can move from the 1st experiment to the 2nd experiment by precluding repetition 
 Probability of having no repetition 

ൌ probability of Ωכ within ሺΩ, ,ሺΩሻߪ ܲሻ 

ൌ
#Ωכ

#Ω ൌ
ሺܰሻ௡

ܰ௡  
 

 In both experiments, order matters. 
 

 Intuition 1. When ݊ is sufficiently smaller than ܰ. 
 Then the probability of no repetition is really large ׽ almost 1 

ሺܰሻ௡ ൌ ܰሺܰ െ 1ሻ … ሺܰ െ ݊ ൅ 1ሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ே׽

׽ ܰ௡ 

 Application: for survey polls, ܰ is usually quite large compared to ݊; so we can do 
calculations with repetitions. 
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 Intuition 2. When ݊ is sufficiently close to ܰ (extreme case: ݊ ൌ ܰ) 

ܰ 1 2 3 4 5 6 7 

Probability 
of no 

repetition 
(ሺܰሻே ܰே⁄ ) 

1 0.5 0.222 0.094 0.038 0.015 

0.006 
(99.4% 

chance of 
having a 

repetition!)
 Note. ሺܰሻே ൌ ܰ! 
• The number of ways to choose an ordered sequence (without repetition) of all 

individuals. 
= number of permutations of the set of individuals 

• More generally 

ሺܰሻ௡ ൌ
ܰ!

ሺܰ െ ݊ሻ! 

 
♦ ሺܰሻ௡  is the number of ordered (or arranged) samples of size ݊  without 

repetitions in a population of size ܰ. 
♦ Of course, several of these ordered samples share the exact same individuals 

but ordered in a different way (there are ݊! ways of permuting ݊ individuals) 
♦ The number of subsets of ݊  individual in a population of size ܰ  without 

repetition is given by the Binomial coefficient: 
ሺܰሻ௡

݊! ൌ
ܰ!

ሺܰ െ ݊ሻ! ݊! 

♦ Permutation (order matters) 

ሺܰሻ௡ ൌ
ܰ!

ሺܰ െ ݊ሻ! 

♦ Combination (order does not matter) 

ቀܰ
݊ቁ ൌ

ܰ!
ሺܰ െ ݊ሻ! ݊! 

 
 

 Quality Control without Replacement in Sampling 
 ܰ light bulbs with ܴ deficient ones 

 Note. ܴ is not random. 
 Minimum quality standard: No more than ܭ among ܰ are allowed to be deficient. 

 But it’s too expensive to check the ܰ light bulbs. So select randomly ݊ light bulbs 
among ܰ, observe ݇ deficient ones. 

 Question: Given ܰ, ,ܭ ݊, ݇, what values are likely for ܴ? (want ܴ to be smaller than ܭ) 
 We want to assess: ܲሺobserved ݇ሻ and realize it depends on ܴ (if ܴ is large, then the 

probability of observing a large ݇ is high, and vice versa). 
 Conversely: we have observed ݇. It makes more likely the value of ܴ for which 

ܲሺobserved ݇ሻ ൌ large 
• Given ܴ, ݂ ׷ ݇ ՜ ோܲሺ݀݁ݒݎ݁ݏܾ݋ ݇ሻ 

♦ Note. Probability function indexed by ܴ. 
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• Given ݇, ݃ ׷ ܴ ՜ ோܲሺ݀݁ݒݎ݁ݏܾ݋ ݇ሻ 
♦ Note. This is the likelihood function. 

 
 Sample Space  

 1st choice: Ω ൌ ሼ0,1,2, … , ݊ሽ 
• However, this sample space is not convenient! Because the probabilities of the 

elementary events are not equal, i.e. probability distribution is not uniform. 
 

 2nd choice: Ω ൌ the ሺܰሻ௡ ordered samples that can be drawn without replacement. 
• For this sample space, we can define a uniform probability distribution. 

ோܲ ൭݇ deficient bulbsᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
elementary event ஺

൱ ൌ
ܣ#
#Ω 

ൌ
ሺܴሻ௞ሺܰ െ ܴሻ௡ି௞

ሺܰሻ௡ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
probability of getting ௞ deficient bulbs

from a sample of size ௡ in an ordered way

ൈ ቀ݊
݇ቁต

number of ways to order
the ௞ defective bulbs

 

ൌ
ቀܴ

݇ቁ ቀܰ െ ܴ
݊ െ ݇ ቁ

ቀܰ
݊ቁ

 

 
 3rd choice: Ω ൌ the ቀܰ

݊ቁ subsets 
• Uniform probability is induced from uniform probability with ordered samples. 

ܲሺ݇ deficient bulbsሻ ൌ
ܣ#
#Ω ൌ ܿ 

• This is the most appropriate sample space for the question. 
 

 Remark. We end up with a probability that is not uniform on ሼ1,2, … , ݊ሽ 

ܲሺሼ݇ሽሻ ൌ
ቀܴ

݇ቁ ቀܰ െ ܴ
݊ െ ݇ ቁ

ቀܰ
݊ቁ

, ݂݅ ቄ݊ െ ሺܰ െ ܴሻ ൑ ݇
݇ ൑ ܴ  

 This characterizes any event ܣ ؿ ࣪ሺΩሻ 
 This is the hypergeometric distribution, ܪሺܰ, ܴ, ݊ሻ 
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Quality Control (cont’d) 
 

 Recap  
 Population: ܰ 
 Defective light bulbs: ܴ 
 Quality control: ܴ ൑  ܭ

 Sample ݊ with defect ݇ 
 

 Case 1. Draw without replacement 
 Ω ൌ ሺܰሻ௡ arranged samples 

ܲሺሼ݇ሽሻ ൌ
ቀܴ

݇ቁ ቀܰ െ ܴ
݊ െ ݇ ቁ

ቀܰ
݊ቁ

  ՜   Ωכ ൌ ቀܰ
݊ቁ 

Each sample in Ωכ corresponds to exactly ݊! arranged sample in Ω. 
 ܲሺሼ݇ሽሻ means the probability of getting ݇ defective bulbs in a set of ݊ bulbs. 

 
 Case 2. Draw with replacement 

 Ω ൌ ܰ௡ samples that are arranged. 

ܲሺሼ݇ሽሻ ൌ
ܴ௞ሺܰ െ ܴሻ௡ି௞ ቀ݊

݇ቁ
ܰ௡  

ൌ
ܴ௞ሺܰ െ ܴሻ௡ି௞

ܰ௞ܰ௡ି௞ ቀ݊
݇ቁ 

ൌ ൬
ܴ
ܰ൰

௞

൬1 െ
ܴ
ܰ൰

௡ି௞

ቀ݊
݇ቁ 

ൌ ௞ሺ1݌ െ ሻ௡ି௞݌ ቀ݊
݇ቁ 

݌ • ൌ ܴ ܰ⁄  is the population probability of picking a defective light bulb. 
 I have defined the Binomial probability distribution ܤሺ݊,  .ሻ݌
 Remark. If I consider Ωכ  sample where the arrangement does not matter (with 

replacement). 
There is no way we can define a uniform probability from Ω to Ωכ. 
• E.g. ݊ ൌ 2, and ሼ߱ଵ, ߱ଶ, … , ߱ேሽ 

Ω Ωכ

ሺ߱ଵ, ߱ଵሻ ՞ ሺ߱ଵ, ߱ଵሻ
ሺ߱ଵ, ߱ଶሻ ՜ ሺ߱ଵ, ߱ଶሻ
ሺ߱ଶ, ߱ଵሻ ա ሺ߱ଶ, ߱ଶሻ

ڭ ڭ

 

 
 ܲሺሼ݇ሽሻ ൌ ௞ሺ1݌ െ ሻ௡ି௞݌ ቀ݊

݇ቁ  gives the probability of success (picking a defective 
bulb) in one draw. 
௞ሺ1݌ • െ  .ሻ௡ି௞ is the probability of picking a sequence with ݇ sucessses, exactly݌
• There are ቀ݊

݇ቁ such sequences 
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 Suppose we know ݌ and ݊. What is the most probable value for ݇? In other words, 
what is the mode? 

 
 

 For ݇ ൒ 1 

ܲሺሼ݇ሽሻ
ܲሺሼ݇ െ 1ሽሻ ൌ

ቀ݊
݇ቁ ௞ሺ1݌ െ ሻ௡ି௞݌

ቀ ݊
݇ െ 1ቁ ௞ିଵሺ1݌ െ ሻ௡ି௞ାଵ݌

ൌ
݊ െ ݇ ൅ 1

݇ ڄ
݌

1 െ  ݌

 
ܲሺሼ݇ሽሻ

ܲሺሼ݇ െ 1ሽሻ ൐ 1  ֞   
݊ െ ݇ ൅ 1

݇ ڄ
݌

1 െ ݌ ൐ 1   ֞   ሺ݊ ൅ 1ሻ݌ ൐ ݇ 

 
 2 Cases: 
• If ሺ݊ ൅ 1ሻ݌ is integer, then I have 2 modes: ሺ݊ ൅ 1ሻ݌ and ሺ݊ ൅ 1ሻ݌ െ 1 

♦ ሺ݊ ൅ 1ሻ݌ א Ժ  ֜ ݇׌   ׷ ݇ ൌ ሺ݊ ൅ 1ሻ݌ 
• If ሺ݊ ൅ 1ሻ݌ is not an integer, then I have 1 mode: largest integer below ሺ݊ ൅ 1ሻ݌ 

 
 Back to quality control problem (without replacement) 

 If I know ݇ (but not ܴ), then the Maximum Likelihood Estimator of ܴ is 
ሺܴሻܧܮܯ ൌ arg max

ோ ோܲሺሼ݇ሽሻ 
 

 One way is  
ோܲାଵሺሼ݇ሽሻ

ோܲሺሼ݇ሽሻ ൒ 1  ֞   
ܴ ൅ 1

ܴ ൅ 1 െ ݇ ൒
ܰ െ ܴ

ܰ െ ܴ െ ሺ݊ െ ݇ሻ 

 

݇

ܲሺሼ݇ሽሻ mode

݇݇ െ 1



Econ 831 Math Econ  Oct 4, 2010 

 Page 18 of 61 

Quality Control (cont’d) 
 

 We are not interested in estimating ܴ, but testing whether ณܴ
# deficient ones

൑ ณܭ
quality standard

 

 Defining a test is equivalent to defining a critical region that tells me when I should reject  

଴ܪ ׷ ܴ ൑ ՜      ܭ ሺܴሻܧܮܯ        ׽
݇ܰ
݊  

 This is true because we assume that  
ܴ
ܰ ׽

݇
݊   ֜   ܴ ׽

݇ܰ
݊  

 Critical region: 
ܹ ൌ ሼ݇ א Գ ׷ ݇ ൒  ሽݎ

 ܹ is the “rejection zone,” because we want ௞ே
௡

൑  .is the critical value ݎ .ܭ

 Have to pick ݎ “much larger” than ௄௡
ே

; that is,  

ܧܮܯ ب ֞  ܭ   
݇ܰ
݊ ب ֞  ܭ   ݇ ب

݊ܭ
ܰ  

 
 2 situations and 2 errors associated with the decision I take after running the experiment: 

Result 
Truth Reject ܪ଴ Not Reject ܪ଴ 

 ଴ trueܪ
ܴ ൑   Type I Error ܭ

 ଵ trueܪ
ܴ ൐  Type II Error  ܭ

 
 Neyman’s approach:  

minሾܶݎ݋ݎݎܧ ܫܫ ݁݌ݕሿ , subject to            ܶݎ݋ݎݎܧ ܫ ݁݌ݕ ൑ ณߙ
௖௢௡௙௜ௗ௘௡௖௘ ௟௘௩௘௟

 

 Pick ߙ (e.g. 1% or 5%) 
 .is the probability of making Type I Error ߙ 

 For each ߙ, find ݎఈ 
 Define ܹ 
 Given ݇ (result of your experiment), decide whether or not to reject ܪ଴ 

 
 Quality Control when Sampling with Replacement 

଴ܪ  ׷ ݌ ൑ ௄
ே

, where ݌ሺൌ ܴ ܰ⁄ ሻ is the true probability of having deficient bulbs 
 :݌ of ܧܮܯ 

arg max
௣

ቂቀ݊
݇ቁ ௞ሺ1݌ െ ሻ௡ି௞ቃᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ݌

likelihood function of ௣

   

It is often useful to take the log-transformation of the likelihood function: 
arg max

௣
൫ܮሺ݌ሻ൯ ൌ arg max

௣
ቀln ቄቀ݊

݇ቁ ௞ሺ1݌ െ  ሻ௡ି௞ቅቁ݌

Then, we can differentiate w.r.t. ݌, set FOC equal zero, and solve for ݌. 
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̂݌ ൌ
݇
݊ 

Define critical region: 

ܹ ൌ ൝݇ ׷ ̂݌ ൒ ሻถߙሺ݌
critical value associated with ఈ

ൡ 

 
 Extension: Multinomial distribution 

 We have ܭ different colors, call them ܽଵ, … , ܽ௄, each with ݌௞ probability of being picked.  
 Draw a sample of ݊ with replacement and independence  

 Ω ൌ ൛ሺ߱ଵ, … , ߱௡ሻ ׷ ,݅׊ ߱௜ א ሼܽଵ, … , ܽ௄ሽൟ 
• Here we care about the order of ߱௜’s  

 ܲሺሼ߱ଵ, … , ߱௡ሽሻ ൌ ଵ݌
௡భ݌ଶ

௡మ ڮ ௄݌
௡಼ with  

݊௞ ൌ ෍ ૚ሼఠ೔א௔ೖሽ

௡

௜ୀଵ

 

 The probability of observing (un-ordered) 

ܲ ൮

݊ଵܽଵ
݊ଶܽଶ

ڭ
݊௄ܽ௄

൲ ൌ ൫݌ଵ
௡భ݌ଶ

௡మ ڮ ௄݌
௡಼൯ܶ 

with ∑ ݊௞
௡
௞ୀଵ ൌ ݊. 

 ܶ is the number of configurations: 
• Choose ቀ

݊
݊ଵ

ቁ pick ݊ଵ spots among the ݊ available 

• Choose ቀ
݊ െ ݊ଵ

݊ଶ
ቁ pick ݊ଶ spots among the ሺ݊ െ ݊ଵሻ left 

      ڭ       •
Then,  

ܶ ൌ ቀ
݊
݊ଵ

ቁ ቀ
݊ െ ݊ଵ

݊ଶ
ቁ ቀ

݊ െ ݊ଵ െ ݊ଶ
݊ଷ

ቁ ڮ ൮݊ െ ෍ ݊௞

௄ିଵ

௞ୀଵ
݊௞

൲ ൌ
݊!

∏ ݊௞!௄
௞ୀଵ

 

 Result: 
For ݌ଵ, … , ௞݌ ௄ such that݌ א ሾ0,1ሿ and ∑ ௞݌

௄
௞ୀଵ ൌ 1, 

The multinomial distribution ܯሺ݊; ,ଵ݌ … ,  :௄ሻ݌

ܲ ൮

݊ଵܽଵ
݊ଵܽଶ

ڭ
݊௄ܽ௄

൲ ൌ

ە
ۖ
۔

ۖ
ۓ ݊!

∏ ݊௞!௄
௞ୀଵ

ڄ ෑ ௞݌
௡ೖ

௄

௞ୀଵ

if ෍ ݊௞

௄

௞ୀଵ

ൌ ݊    with ݊௞ א ሾ0, ݊ሿ

0 otherwise

 

 This is a probability distribution on ሼ0,1, … , ݊ሽ௄ 
 

 Multinomial when ܭ ൌ ;ሺ݊ܯ ,2 ,ଵ݌ ଶ݌ ଶሻ and݌ ൌ 1 െ  ଵ. The distribution is about݌
ሺ݊ଵ, ݊ଶሻ א ሼ0,1, … , ݊ሽଶ ൌ Ω 

 The binomial ܤሺ݊,   ଵሻ is a distribution about݌
݊ଵ א ሼ0,1, … , ݊ሽ ൌ Ω 
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Counting Process 
 

 Events that occur over time (e.g. event could be a customer entering a store) 
 A counting process is a stochastic process ሼܰሺݐሻ ׷ ݐ ൒ 0ሽ such that 

 It is non-negative, i.e. ܰሺݐሻ ൒ 0 
 ܰሺݐሻ is an integer 
 Non-decreasing, i.e. ݏ ൑ ֜  ݐ   ܰሺݏሻ ൑ ܰሺݐሻ 

 Independence of 2 events occurring in 2 different (disjoint) time intervals 
 Poisson Process. For an interval of size ߳ ൐ 0,  

ܲሺ1 eventሻ
߳   

ఢ՜଴
ሱۛሮ  ߣ  

Here ߣ is the intensity of arrival. 
ܲሺmore than 1 eventሻ

߳   
ఢ՜଴
ሱۛሮ   0 

In the same sense, we are interested in events that do not happen too often. 
 

 Question: What is the probability of observing ݇ events in the time interval ሾ0,  ?ሿݐ
 We divide ሾ0, ݐሿ into ݊ sub-intervals of length Δݐ ൌ ݐ ݊⁄ . 

 Consider intervals ሾ0, Δݐሻ, ሾΔݐ, 2Δݐሻ, …, and treat them as ݊ consecutive experiments 
 For each interval, 

௡݌ ՜ observe exactly 1 event 
௡݌

ᇱ ՜ observe more than 1 event 
1 െ ௡݌ െ ௡݌

ᇱ ՜ observe 0 event 
I have 

௡݌

ݐ ݊⁄   
௡՜ஶ
ሱۛ ሮۛ ֞    ߣ   ௡݌݊       

௡՜ஶ
ሱۛ ሮۛ  ݐߣ  

and  
௡݌

ᇱ

ݐ ݊⁄   
௡՜ஶ
ሱۛ ሮۛ   0    ֞ ௡݌݊    

ᇱ   
௡՜ஶ
ሱۛ ሮۛ   0 

 
 Recall the multinomial formula: 

ܲ ൭
݇ interval with exactly 1 event

݇ᇱ interval with more than 1 event
݊ െ ݇ െ ݇ᇱ interval with 0 event

൱

ൌ
݊!

݇! ݇ᇱ! ሺ݊ െ ݇ െ ݇ᇱሻ! ௡݌
௞ሺ݌௡

ᇱ ሻ௞ᇲሺ1 െ ௡݌ െ ௡݌
ᇱ ሻ௡ି௞ି௞ᇲ 

 
 What happens when ݊ ՜ ∞ while ݇, ݇ᇱ remains fixed / finite? 

݊!
ሺ݊ െ ݇ െ ݇ᇱሻ! ൌ ݊ሺ݊ െ 1ሻሺ݊ െ 2ሻ ڮ ሺ݊ െ ݇ െ ݇ᇱ ൅ 1ሻᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

௞ା௞ᇲ ௧௘௥௠௦
׽     ݊௞ା௞ᇲ 
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݊!
݇! ݇ᇱ! ሺ݊ െ ݇ െ ݇ᇱሻ! ௡݌

௞ሺ݌௡
ᇱ ሻ௞ᇲሺ1 െ ௡݌ െ ௡݌

ᇱ ሻ௡ି௞ି௞ᇲ  

׽  
1

݇! ݇ᇱ!
ሺ݊݌௡ሻ௞ᇣᇧᇤᇧᇥ

ሺఒ௧ሻೖ׽

ሺ݊݌௡
ᇱ ሻ௞ᇲ

ᇣᇧᇤᇧᇥ
very small unless ௞ᇲୀ଴

this is of order ௢ሺଵሻ

ሺ1 െ ௡݌ െ ௡݌
ᇱ ሻ௡ି௞ି௞ᇲ 

 

ሺ1 െ ௡݌ െ ௡݌
ᇱ ሻ௡ି௞ି௞ᇲ ൌ exp ൞ሺ݊ െ ݇ െ ݇ᇱሻ log ൮1 െ ௡ด݌

ఒ௧
௡

െ ௡݌
ᇱด

௢ቀଵ
௡ቁ

൲ൢ 

For small ݔ,  logሺ1 ൅ ሻݔ ׽ ݊ So the probability is constant as .ݔ ՜ ∞. 
Then, 

ܲ ቀ݇ interval with 1 event exactly
݊ െ ݇ interval with 0 event

ቁ ׽
1
݇!

ሺݐߣሻ௞ ሺ1 െ ௡ሻ௡ି௞ᇣᇧᇧᇧᇤᇧᇧᇧᇥ݌
୶୮ሺିఒ௧ሻୣ׽

 

׽
1
݇!

ሺݐߣሻ௞݁ିఒ௧ 
This approximately works for ݇ finite and ݊ large enough. 

 Therefore, we have defined the Poisson distribution with parameter over Գ ׫ ሼ0ሽ: 

ܲሺ݇ eventsሻ ൌ
1
݇!

ሺݐߣሻ௞݁ିఒ௧ 
 Check that ∑ ܲሺ݇ eventsሻஶ

௞ୀ଴ ൌ 1. this is true from the fact that the summation is a 
Taylor expansion for ݁ିఒ௧. 

 The only important parameter of the Poisson distribution is ߤ ൌ  .ݐߣ
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Real Random Variable 
 

 The Lebesgue Measure 
 Example: I draw randomly a number ݔ between 0 and 1. What is the probability that 

ܲሺݔ ൏ 0.47ሻ? 
 Choice for the first decimal number: 

ሼ0,1,2,3ሽ   ՜ ,ሼ0 ݏ݅ ݈ܽ݉݅ܿ݁݀ ݀݊݋ܿ݁ݏ ݄݁ݐ ݎ݋݂ ݁ܿ݅݋݄ܿ   … ,9ሽ 
ሼ4ሽ   ՜ ,ሼ0 ݏ݅ ݈ܽ݉݅ܿ݁݀ ݀݊݋ܿ݁ݏ ݄݁ݐ ݎ݋݂ ݁ܿ݅݋݄ܿ   … ,6ሽ 

Then, a total of 47 choices out of 100, namely 

ܲሺݔ ൏ 0.47ሻ ൌ
47

100 ൌ 0.47 
 In the book, they calculate ܲሺݔ ൑ 0.47ሻ   ՜   ്ା proof ܲሺݔ ൌ 0.47ሻ ൌ 0. 

Define an infinite sequence of decimal digits and element must coincide with the 
decimal digits of ݔ 

ܲሺݔ ൌ 0.47ሻ ൌ lim ՝ ܲሺܣ௡ሻ ൌ lim ՝
1

10௡ ൌ 0 
 

 Definition. The Borel sets ࣜ of Թ are the smallest ߪ-algebra of Թ containing all the open 
intervals in Թ. 

 Any interval is a Borel set (but not every Borel set is an interval), and the set of all Borel 
sets is a ߪ-algebra. 

 (all possible) Borel sets = Borel ring = Borel field = Borel ߪ-algebra 
 Theorem.  

 
ࣜ ൌ , ∞൫ሺെߪ ሿݔ ׷ ݔ א Թ൯ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

the smallest ఙ‐algebra containing
all the semi‐open intervals ሺିஶ,௫ሿ

 

 
 Intervals   →   algebra ࣠ spanned by intervals 

ܣ׊ א ࣠ ׷ ܣ ൌ ራ ௜ܨ

௡

௜ୀଵ

, ݅׊ ് ݆ ׷ ௜ܨ ת ௝݂ ൌ  ׎

ܲሺܣሻ ൌ ෍ ܲሺܨ௜ሻ
௡

௜ୀଵ

 

 
 Definition. Outer Measure. Suppose  

 ࣠ is an algebra on Ω 
 ܲ is ߪ-additive (i.e. countably additive) on ࣠ with ܲሺΩሻ ൌ 1 

Then, the outer measure of any ܣ א Ω is  

ሻܣሺכܲ ൌ inf
ሺ஺೔ሻ೔࣠א such that ஺ك൫ڂ ஺೔

ಮ
೔సభ ൯

෍ ܲሺܣ௜ሻ
ஶ

௜ୀଵ

 

 
 For any set ܣ א ࣠, we can show that ܲכሺܣሻ ൌ ܲሺܣሻ.  

 First, we show ܲכሺܣሻ ൑ ܲሺܣሻ 
Since ܣ א ࣠, we can define ܣଵ ൌ ௜ܣ and ܣ ൌ ݅ for all ׎ ൒ 2. Then,  
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ሺܣ௜ሻ௜אԳ א ࣠  ֜ ܣ   ك ൭ራ ௜ܣ
௜אԳ

൱ ൌ ֜  ܣ   ෍ ܲሺܣ௜ሻ
௜אԳ

ൌ ܲሺܣሻ 

Therefore, ܲכሺܣሻ is actually the inf over all possible sequences. 
ሻܣሺכܲ ൌ inf ෍ ܲሺܨ௜ሻ ൑ ܲሺܣሻ 

 Second, we show that ܲሺܣሻ ൑  .ሻܣሺכܲ
We know (by assumption) that ܣ ك ൫ڂ Գא௝௝ܤ ൯. Define  

௡ܥ ൌ ራ ௝ܤ

௡

௝ୀଵ

 

Clearly, ܥ௡ is increasing, and ሺܣ ת  .ܣ ௡ሻ is also increasing toܥ
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Recap 
 

 ࣠ is an algebra on Ω 
 ܲ is ߪ-additive on ࣠ with ܲሺΩሻ ൌ 1 
 Outer measure of ܣ ؿ Ω 

ሻܣሺכܲ ൌ inf
ሺ஺೔ሻ೔࣠א such that ஺ك൫ڂ ஺೔

ಮ
೔సభ ൯

቎෍ ܲ൫ܣ௝൯
ஶ

௝ୀଵ

቏ 

 We have shown that ܲכሺܣሻ ൑ ܲሺܣሻ 
 

 Continue to prove that ܲሺܣሻ ൑  ሻܣሺכܲ
For any ܣ௝ א ࣠ such that ܣ ك ൫ڂ ௝ܣ

ஶ
௝ୀଵ ൯, define  

௡ܤ ൌ ራ ௝ܣ

௡

௝ୀଵ

 

Note that ሺܤ௡ሻ௡ is an increasing sequence, and ሺܣ ת  .ܣ ௡ሻ௡ is increasing towardsܤ
We then have  

ܲሺܣሻ ൌ lim ՛ ܲሺܣ ת ௡ሻᇣᇧᇧᇤᇧᇧᇥܤ
ஸ௉ሺ஻೙ሻஸ∑ ௉൫஺ೕ൯೙

ೕసభ

 

At the limit, 

ܲሺܣሻ ൑ ෍ ܲ൫ܣ௝൯
ஶ

௝ୀଵ

 

This inequality is true for any sequence ൫ܣ௝൯ א ࣠ with ܣ ك ൫ڂ ௝ܣ
ஶ
௝ୀଵ ൯. Therefore, we can 

conclude that the inequality remains over the infimum 

ܲሺܣሻ ൑ inf
ሺ஺೔ሻ೔࣠א such that ஺ك൫ڂ ஺೔

ಮ
೔సభ ൯

෍ ܲ൫ܣ௝൯
ஶ

௝ୀଵ

   ֞   ܲሺܣሻ ൑  ሻܣሺכܲ

 
 Theorem (admitted). ܲכ is the unique probability measure on ൫Ω,   ሺ࣠ሻ൯ such thatߪ

ܣ׊ א ࣠ ׷ ܲሺܣሻ ൌ  ሻܣሺכܲ
 

 Remark. ܲכ is defined for any ܣ ؿ Ω, but we cannot say that ܲכ is a probability measure 
on ൫Ω, ࣪ሺΩሻ൯. 
 This can be proved for the uniform probability measure on ሾܽ, ܾሿ 

 
 The Lebesgue measure ߣ on ሺԹ, ࣜሻ is defined such that 

ܣ׊ א ࣜ ׷ ሻܣሺߣ ൌ lim
௡՜ஶ

ሼ2݊ ௡ܲሺܣ ת ሾെ݊, ݊ሿሻሽ 
where ௡ܲ is the uniform probability measure on ሾെ݊, ݊ሿ 

௡ܲሺܣ ת ሾെ݊, ݊ሿሻ ൌ
length of ሺܣ ת ሾെ݊, ݊ሿሻ

length of ሾെ݊, ݊ሿ ൌ
length of ሺܣ ת ሾെ݊, ݊ሿሻ

2݊  

,is a positive measure on ሺԹ ߣ  ࣜሻ with convention 
ݔ ൅ ∞ ൌ ∞, ݔ׊ א Թ 

 Warning: ߣሺܣ ך ሻܤ ൌ ሻܣሺߣ െ ሻܤሺߣ ሻ only ifܤሺߣ ൏ ∞ 
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 Similarly, ߣሺlim ՝ ௡ሻܣ ൌ lim ՝ כ݊׌ ௡ሻ only ifܣሺߣ ׷ ௡ሻܣሺߣ ൏ ∞ for any ݊ ൒  .כ݊
 Counter-example: ܣ௞ ൌ ሾ݇, ∞ሻ where ሺܣ௞ሻ௞ ՝  ׎

௞ሻܣሺߣ ൌ lim
௡՜ஶ

ሼ2݊ ௡ܲሺܣ௞ ת ሾെ݊, ݊ሿሻሽ ൌ ൅∞ 
However, lim௞՜ஶ ௞ܣ ൌ ሺlimߣ This is not equal to .׎ ՝ ௞ሻܣ ൌ 0. The disagreement 
results from the fact that we cannot find an ݊כ such that ߣሺܣ௞ሻ ൏ ∞ for ݊ ൒  .כ݊
 

Multivariate extension  

ࣜௗ ൌ ߪ ቌෑ൫െ∞, ௝൧ݔ
ௗ

௝ୀଵ

ቍ 

is the smallest ߪ-field containing all ∏ ൫ ௝ܽ, ௝ܾ൯ௗ
௝ୀଵ  

 
 

 Lebesgue measure on ൫Թࢊ, ऌࢊ൯ 
ሻܣௗሺߣ ൌ lim

௡՜ஶ
ሺ2݊ሻௗ

௡ܲሺܣ ת ሾെ݊, ݊ሿௗሻ , ܣ׊ ؿ Թௗ 
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Random Variable and Random Vectors (r.v.) 
 

 (informally) A random variable is a function of the outcome of a statistical experiment. 
 Example.  

 Ω = sample space of sequences of Bernoulli trials ሺ߱ଵ, … , ߱௡ሻ with ߱௜ א ሼ0,1ሽ. 
 Ω is endowed with a probability measure: 

߱׊ א Ω ׷ ܲሺሼ߱ሽሻ ൌ ∑݌ ఠ೔
೙
೔సభ ሺ1 െ ∑ሻ௡ି݌ ఠ೔

೙
೔సభ  

So the probability space is ሺΩ, ࣪ሺΩሻ, ܲሻ. 
• We don’t need the binomial coefficient here because we’re only considering one 

observation. 
 The random variable ܺ is defined as 

ܺ ׷ Ω ՜ ሼ0,1, … , ݊ሽ 

߱ հ ܺሺ߱ሻ ൌ ෍ ߱௜

௡

௜ୀଵ

 

The associated probability is 
ܲሺሼܺ ൌ ݇ሽሻ ൌ ܲ൫ܺିଵሺሼ݇ሽሻ൯ ൌ ܲ௑ሺ݇ሻ ൌ ௞ሺ1݌ െ ሻ݌ ቀ݊

݇ቁ 
where ܺିଵሺܣሻ ൌ ሼ߱ א Ω ׷ ܺሺ߱ሻ ൌ ݇ሽ with ܣ ؿ Ω (i.e. ܣ א ࣪ሺΩሻ). 
• The probability measure ܲ induces another probability measure ܲ௑ on ሼ0,1, … , ݊ሽ 

defined  by  
ܲ௑ሺ݇ሻᇣᇤᇥ
௜௡ௗ௨௖௘ௗ

௣௥௢௕௔௕௜௟௜௧௬
ௗ௘௙௜௡௘ௗ ௢௡ ௑ሺΩሻ

ൌ ܲ൫ܺିଵሺሼ݇ሽሻ൯ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
௜௡௜௧௜௔௟ ௣௥௢௕௔௕௜௟௜௧௬
௠௘௔௦௨௥௘ ௗ௘௙௜௡௘ௗ

௢௡ Ω

 

• Remark. We say that ܺ ׽ ࣜሺ݊,  ሻ. ܲ௑ is the probability distribution (or law) of݌
r.v. ܺ 
 

 More general case. Consider a probability space ሺΩ, ࣛ, ܲሻ. 
 Define  

ܺ ׷ Ω ՜ Թௗ 
with ܺሺΩሻ is not only countable part of Թௗ 
 ܺሺΩሻ is the range (i.e. the minimum codomain). If Ω is countable, then the range of 

ܺሺڄሻ should also be countable. 
 ܲሺሼܺ ൌ  ሽሻ should not be sufficient to characterize ܲ௑ݔ
• This is true because singletons have probability zero if ܺ is in a continuum. 
• Example. Suppose ܺ ׽ ሾܷ௔,௕ሿ. Then, ܲ௑ሺሼݔሽሻ ൌ 0. So we cannot characterize ܲ௑. 

 Hopefully, we can use intervals. 

ܲ௑൫ሺെ∞, ሿ൯ݔ ൌ

ە
ۖ
۔

ۖ
ۓ

1 if  ݔ ൐ ܾ

ݔ െ ܽ
ܾ െ ܽ if  ܽ ൑ ݔ ൑ ܾ

0 if  ݔ ൏ ܽ

, ݔ׊ א Թ 

 We need to know that ܲ ቀܺିଵ൫ሺെ∞,  ሿ൯ቁ makes sense, becauseݔ

ܲ ቀܺିଵ൫ሺെ∞, ሿ൯ቁݔ ൌ ܲ௑൫ሺെ∞,  ሿ൯ݔ
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That is, I need to know that ܺିଵ൫ሺെ∞, ሿ൯ݔ א ࣛ for all ݔ. 
 

 Definition. ሺΩ, ࣛሻ measurable space 
 ܺ ׷ Ω ՜ Թ is ऋ-measurable if  

ݔ׊ א Թ ׷ ܺିଵ൫ሺെ∞, ሿ൯ݔ א ࣛ 
 ܺ ׷ Ω ՜ Թௗ is ऋ-measurable if 

ݔ׊ א Թௗ ׷ ܺିଵ ቌෑ൫െ∞, ௝൧ݔ
ௗ

௝ୀଵ

ቍ א ࣛ 

 The pre-image of Borel sets should belong to the ߪ-algebra. 
 Definition. If ሺΩ, ࣛ, ܲሻ  is a probability space, any function ܺ ׷ Ω ՜ Թ  which is ࣛ -

measurable is called random variable. 
 

 Theorem. Suppose  
ܺ ׷ Ω ՜ Թௗ, Ω   ݄ݐ݅ݓ א ࣛ   ܽ݊݀   Թௗ א ࣜௗ 

ܺ is ࣛ-measurable if and only if ܣ׊ א ࣜௗ ׷ ܺିଵሺܣሻ א ࣛ. 
 Proof. If ܣ׊ א ࣜௗ ׷ ܺିଵሺܣሻ א ࣛ is true. Then, it must be true, in particular, that  

ݔ׊ א Թௗ ׷ ܺିଵ ቌෑ൫െ∞, ௝൧ݔ
ௗ

௝ୀଵ

ቍ א ࣛ. 

Then, by definition ܺ is ࣛ-measurable. 
 
Suppose ܺ is ࣛ-measurable. That is, 

ݔ׊ א Թௗ ׷ ܺିଵ ቌෑ൫െ∞, ௝൧ݔ
ௗ

௝ୀଵ

ቍ א ࣛ. 

Need to show that  
ܣ׊ א ࣜௗ ׷ ܺିଵሺܣሻ א ࣛ. 

Recall that ࣜௗ ൌ ∏൫ߪ ൫െ∞, ௝൧ௗݔ
௝ୀଵ ׷ ݔ א Թௗ൯ ൌ   ሺࣝሻ. We have to show thatߪ

ܣ׊ א ࣝ ׷ ܺିଵሺܣሻ א ࣛ  ֜ ܣ׊   א ࣜௗ ൌ ሺࣝሻߪ ׷ ܺିଵሺܣሻ א ࣛ 
Or we need to show that  

ܺିଵሺࣝሻ ؿ ࣛ  ֜   ܺିଵ൫ߪሺࣝሻ൯ ؿ ࣛ. 
 Comments. We know that  

ܺିଵሺࣝሻ ؿ ࣛ  ֜ ൫ܺିଵሺࣝሻ൯ߪ   ؿ ࣛ. 
But what is not clear is that 

ܺିଵ൫ߪሺࣝሻ൯ ؿ  .൫ܺିଵሺࣝሻ൯ߪ
Note that the converse is clear, since 

൫ܺିଵሺࣝሻ൯ߪ ؿ ܺିଵ൫ߪሺࣝሻ൯ 
because  

ܺିଵሺࣝሻ ؿ ܺିଵ൫ߪሺࣝሻ൯ᇣᇧᇧᇤᇧᇧᇥ
ୟ ఙ‐field

 

 Lemma 1. Suppose 
݂ ׷ Ω ՜ Ωᇱ 

with ࣛᇱ being a ߪ-field on Ωᇱ. Then, ݂ିଵሺࣛᇱሻ is a ߪ-field on Ω. 
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 Lemma 2.  

൫ܺିଵሺࣝሻ൯ߪ ൌ ܺିଵ൫ߪሺࣝሻ൯. 
From the above discussion and Lemma 1, we have 

൫ܺିଵሺࣝሻ൯ߪ ؿ ܺିଵ൫ߪሺࣝሻ൯ 
It remains to be proved that 

ܺିଵ൫ߪሺࣝሻ൯ ؿ  .൫ܺିଵሺࣝሻ൯ߪ
Define  

࣠ ൌ ൛ܤ ؿ Թௗ ׷ ܺିଵሺܤሻ א  .൫ܺିଵሺࣝሻ൯ൟߪ
It can be shown (verify!) that ࣠ is a ߪ-field. 

ࣝ ؿ ࣠  ֜ ሺࣝሻߪ   ؿ ࣠ 
֜   ܺିଵ൫ߪሺࣝሻ൯ ؿ ܺିଵሺ࣠ሻ ؿ  ൫ܺିଵሺࣝሻ൯ߪ
֜   ܺିଵ൫ߪሺࣝሻ൯ ؿ  .൫ܺିଵሺࣝሻ൯ߪ

 
 Conclusion. When we have a function ܺ ׷ Ω ՜ Թௗ  with underlying probability space 

ሺΩ, ࣛ, ܲሻ, then we say that ܺ is ࣛ-measurable if and only if  
ሺܺሻߪ ൌ ܺିଵሺࣜௗሻ ൌ ሼܺିଵሺܤሻ ׷ ܤ א ࣜௗሽ ك ࣛ. 

 The smallest ߪ-field that makes ܺሺڄሻ measurable is equal to the pre-image of the 
Borel ߪ-field. 

 Note.  
 .field that makes ܺ measurable-ߪ ሺܺሻ is the smallestߪ 
 Then, the probability distribution ܲ௑ of ܺ is a probability measure on ሺԹௗ, ࣜௗሻ: 

ܤ׊ א ࣜௗ ׷ ܲ௑ሺܤሻ ൌ ܲ൫ܺିଵሺܤሻ൯ ൌ ܲሺܺ א  ሻܤ
Hence, ܲ௑ is induced by ܲ. 

 When we say that 
ܺ ׽ ሾܷ௔,௕ሿ 

we mean  

ܲ൫ܺ א ሺܿ, ݀ሻ൯ ൌ
݀ െ ܿ
ܾ െ ܽ 

for any ሺܿ, ݀ሻ ؿ ሾܽ, ܾሿ. But we don’t really care about the original ሺΩ, ࣛ, ܲሻ. 
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Distribution Function 
 

 For any r.v. ܺ ׷ Ω
ሺࣛ,௉ሻ

՜ Թ
௑ሺఠሻ

 

 Probability distribution of ܺ is ܲ௑, which is a probability measure on ሺԹ, ࣜሻ, defined by 
ܲ௑ሺܣሻ ൌ ܲ൫ܺିଵሺܣሻ൯ 

and characterized by 
ݔ׊ א Թ ׷ ܲ௑൫ሺെ∞, ሿ൯ݔ ൌ ܲ ቀܺିଵ൫ሺെ∞, ሿ൯ቁݔ ൌ ܲሺܺ ൑  .ሻݔ

 We can use a cumulative distribution function to characterize  
௑ܨ ׷ Թ ՜ ሾ0,1ሿ 

ݔ հ ሻݔ௑ሺܨ ൌ ܲሺܺ ൑  ሻݔ
 Remark. Can we characterize ܨ௑? 

 ௑ must be non-decreasingܨ (1
ሻݔ௑ሺܨ (2

௫՜ିஶ
ሱۛ ۛۛ ሮ 0  and  ܨ௑ሺݔሻ

௫՜ାஶ
ሱۛ ۛۛ ሮ 1 

 ௑ is right-continuousܨ (3

lim ՝ ܲ ൬ܺ ൑ ݔ ൅
1
݊൰ ൌ ܲሺܺ ൑  ሻݔ

 
• Why ܨ௑ might not be left-continuous? 

lim ՛ ܲ ൬ܺ ൑ ݔ െ
1
݊൰ ൌ ܲሺܺ ൏ ሻݔ ൌ  ሻିݔ௑ሺܨ

Thus, ܨ௑ is left-continuous at ݔ if and only if ܲሺܺ ൌ ሻݔ ൌ 0. 
 

ܽ

ሻݔሺܨ

1

ܲሺܺ ൌ ܽሻ ൌ ሺܽሻܨ െ  ሺܽିሻܨ

ݔ

ܲሺܺ ൏ ܽሻ ൌ ሺܽିሻܨ
ܲሺܺ ൑ ܽሻ ൌ ሺܽሻܨ
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Cumulative Distribution Function 
 

௑ܨ  ׷ Թ ՜ ሾ0,1ሿ such that ܨ௑ is 
 Non-decreasing 
ሻݔ௑ሺܨ 

௫՜ିஶ
ሱۛ ۛۛ ሮ 0 and ܨሺݔሻ

௫՜ାஶ
ሱۛ ۛۛ ሮ 1 

 Right-continuous 
 

 Question: Is it sufficient to define ܨ௑ in order to characterize ܲ௑? 
 Yes!  
 From ܨ௑ I can define a ߪ-additive function ܳ on all the intervals 

ܳ൫ሺܽ, ܾሿ൯ ൌ ௑ሺܾሻܨ െ  ௑ሺܽሻܨ
ܳሺሾܽ, ܾሿሻ ൌ ௑ሺܾሻܨ െ  ௑ሺܽሻܨ
ܳ൫ሺܽ, ൅∞ሻ൯ ൌ 1 െ  ௑ሺܽሻܨ

 ڭ
 Then, we can construct the outer measure ܳכ  

 Unique  
 Coincides with ܳ on the set of the intervals 

,is a probability measure on ሺԹ כܳ  ࣜሻ 
 

Density Function  
 

 Any real r.v. ܺ with probability distribution characterized by ܨ௑  
֞  ௑ is continuousܨ    ܲሺܺ ൌ ሻݔ ൌ 0, ݔ׊ א Թ 
ሻݔ௑ሺܨ  ൐  ሻ where both are real numbersିݔ௑ሺܨ

 The interval ൫ܨ௑ሺିݔሻ,  ሻ൯ contains at least one rational number. We can thereforeݔ௑ሺܨ
deduce that there are always at most a countable discontinuity points, i.e. points such 
that ܲሺܺ ൌ ሻݔ ൐ 0. 

 
• There are only at most countable number of ݍ௜’s in the above diagram. 
 

 2 Extreme Cases 
 .௑ only has discontinuity pointsܨ 

෍ ܲሺܺ ൌ ሻݔ
௫אԹ

ൌ 1 

This is a discrete distribution. For example, Poisson distribution. 

ଵݍ

ݔ

ሻݔሺܨ

ଶݍ

ଷݍ

1
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 ௑ is differentiable on Թ with continuous derivative ௑݂, then we needܨ ௑ is continuous. Ifܨ 
௑ܨ

ᇱ ൒ 0. In addition, 

ݔ׊ א Թ ׷ ሻݔ௑ሺܨ ൌ න ௑ܨ
ᇱ ሺݑሻ݀ݑ

௫

ିஶ
. 

When ݔ ՜ ൅∞, 

න ௑ܨ
ᇱ ሺݑሻ݀ݑ

ஶ

ିஶ
ൌ 1. 

 
 
 
 

 (General Case) Definition. ܺ is absolutely continuous if and only if  

ቐ
׌ ௑݂ ൒ 0

ݔ׊ א Թ ׷ ሻݔ௑ሺܨ ൌ න ௑݂ሺݑሻ݀ݑ
ஶ

ିஶ

 

 Remark. ܨ௑ may not be everywhere differentiable.  
 Remark. ௑݂ is not unique, (it is defined up to a set of measure zero). 
 Absolutely continuous functions are those that can be differentiable almost everywhere.  

 
 Example. Exponential Distribution. 

ሻݔ௑ሺܨ ൌ ૚ሼ௫ஹ଴ሽ൫1 െ ݁ି௫ ఏ⁄ ൯ ൌ ൜1 െ ݁ି௫ ఏ⁄ ݔ  ݂݅ ൒ 0
0 ݔ  ݂݅ ൏ 0 

  ௑ is continuousܨ 
ݔ ௑ is not differentiable atܨ  ൌ 0 

lim
௛՜଴శ

ݔ௑ሺܨ ൅ ݄ሻ െ ሻݔ௑ሺܨ
݄ ൌ lim

௛՜଴శ

1 െ ݁ି௛ ఏ⁄ െ ሺ1 െ 1ሻ
݄ ൌ lim

௛՜଴శ
െ

1 െ ݁ି௛ ఏ⁄

݄ ൌ
1
 ߠ

However, the derivative on the left is equal to zero. 
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Absolute Continuity 
 

 Definition. ܺ is absolutely continuous if and only if 

׌ ௑݂ ൒ 0 ׷ ݔ׊ א Թ ׷ ሻݔ௑ሺܨ ൌ න ݑሻ݀ݑ௑ሺܨ
௫

ିஶ
. 

 
 Interpretation: When ܺ  is absolutely continuous, its probability distribution can be 

characterized in 2 ways: 
 The CDF ܨ௑ (with its 3 properties) 
 The PDF ௑݂ with  

 ௑݂ሺݔሻ ൒ 0 
׬  ௑݂ሺݔሻ݀ݔାஶ

ିஶ ൌ 1, where ௑݂ is almost unique (cf Lebesgue measure zero) 
 

 Connection between ܨ௑ and ௑݂: 

ݔ௑ሺܨ ൅ ሻݔ∆ െ ሻݔ௑ሺܨ ൌ ܲሺܺ א ሺݔ, ݔ ൅ ሿሻݔ∆ ൌ න ௑݂ሺݑሻ݀ݑ
௫ା∆௫

௫
 

௑݂ሺݔሻ ൌ lim
∆௫՜଴

ݔ௑ሺܨ ൅ ሻݔ∆ െ ሻݔ௑ሺܨ
ݔ∆  

Also, for ∆ݔ small enough, we can use the following approximation: 
ܲሺݔ ൏ ܺ ൑ ݔ ൅ ሻݔ∆ ൎ ݔ∆ ڄ ௑݂ሺݔሻ 

 
 Gamma Distribution, Γሺ݌, ,݌ ,ሻߠ ߠ ൐ 0. 

௑݂ሺݔሻ ൌ ሼ௫ஹ଴ሽܫ
1

ሻ݌௣Γሺߠ ݁ି௫ ఏ⁄  ௣ିଵݔ

 Question: Is ௑݂ a PDF? 

න ௑݂ሺݔሻ݀ݔ
ାஶ

ିஶ
ൌ න

1
ሻ݌௣Γሺߠ ݁ି௫ ఏ⁄ ݔ௣ିଵ݀ݔ

ஶ

଴
ൌ

1
ሻ݌௣Γሺߠ න ݁ି௫ ఏ⁄ ݔ௣ିଵ݀ݔ

ஶ

଴
 

I want Γሺ݌ሻ to be such that  

Γሺ݌ሻ ൌ
1

௣ߠ න ݁ି௫ ఏ⁄ ݔ௣ିଵ݀ݔ
ஶ

଴
 

Change of variable: ݕ ؔ ݔ ⁄ߠ , so that ݀ݕ ൌ ሺ1 ⁄ߠ ሻ݀ݔ 

Γሺ݌ሻ ൌ න ݁ି௬ݕ௣ିଵ݀ݕ
ஶ

଴
 

This is the Gamma function. There is no closed (or explicit) form for Γሺڄሻ. It is only 
defined through the integral. 
 The Gamma function is a continuous analog of factorials. 

 
 Properties of the Gamma Function  

 If ݌ ൐ 1, then Γሺ݌ሻ ൌ ሺ݌ െ 1ሻΓሺ݌ െ 1ሻ 
 If ݌ א Ժ, then Γሺ݌ሻ ൌ ሺ݌ െ 1ሻ! 

 Proof. Use integration by parts: 

Γሺ݌ሻ ൌ න ݁ି௬ต
௨ᇲ

௣ିଵถݕ
௩

ݕ݀
ஶ

଴
 

Define  
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ሻݕᇱሺݑ ൌ ݁ି௬   ֜ ሻݕሺݑ   ൌ െ݁ି௬ 
ሻݕሺݒ ൌ ௣ିଵݕ   ֜ ሻݕᇱሺݒ   ൌ ሺ݌ െ 1ሻݕ௣ିଶ 

Apply integration by parts: 

Γሺ݌ሻ ൌ ሾെ݁ି௬ݕ௣ିଵሿ଴
ஶᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ୀ଴

൅ න ݁ି௬ሺ݌ െ 1ሻݕ௣ିଶ݀ݕ
ஶ

଴ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
ሺ௣ିଵሻ୻ሺ௣ିଵሻ

 

 ܺ ׽ Γሺ݌,  ሻ, thenߠ
ݕ ൌ

ݔ
ߠ ׽     Γሺ݌, 1ሻ ൌ Γሺ݌ሻ 

 Proof.  

ܲሺܻ ൑ ሻݕ ൌ ܲ ൬
ܺ
ߠ ൑ ൰ݕ ൌ ܲሺܺ ൑ ሻݕߠ ൌ න

݁ି௫ ఏ⁄

ሻ݌௣Γሺߠ ݔ௣ିଵ݀ݔ
௬ఏ

଴
ൌ න

݁ି௨

Γሺ݌ሻ ௣ିଵݑ
ᇣᇧᇧᇤᇧᇧᇥ

௉஽ி ௢௙ ୻ሺ௣,ଵሻ

ݑ݀
௬

଴
 

where ݑ ൌ ݔ ⁄ߠ . 
 

 Multivariate Extension: 

,ݔ௑,௒ሺܨ ሻݕ ൌ න න ௫݂,௬ሺݑ, ݑ݀ݒሻ݀ݒ
௬

ିஶ

௫

ିஶ
 

where  

௫݂,௬ሺݔ, ሻݕ ൌ
߲ଶܨ௑,௒ሺݔ, ሻݕ

ݕ߲ݔ߲ ൎ
1
݇ ൤

ܨ߲
ݔ߲

ሺݔ, ݕ ൅ ݇ሻ െ
ܨ߲
ݔ߲

ሺݔ,  ሻ൨ݕ

ൎ
1

݄݇
ሾܨሺݔ ൅ ݄, ݕ ൅ ݇ሻ െ ,ݔሺܨ ݕ ൅ ݇ሻ െ ݔሺܨ ൅ ݄, ሻݕ ൅ ,ݔሺܨ  ሻሿݕ

ൎ
1

݄݇ ܲሺݔ ൏ ܺ ൑ ݔ ൅ ר  ݄ ݕ   ൏ ܻ ൑ ݕ ൅ ݇ሻ 
For small enough ݄ and ݇: 

ܲሺݔ ൏ ܺ ൑ ݔ ൅ ר  ݄ ݕ   ൏ ܻ ൑ ݕ ൅ ݇ሻ ൎ ݄݇ ڄ ௑݂,௒ሺݔ,  ሻݕ
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Lebesgue Integral and Mathematical Expectation 
 

 1st case: ܺ is discrete r.v. 
 ࣲ is finite or countable, and ܲሺݔ א ࣲሻ ൌ 1. 

 ࣲ is like the Ω in previous lectures. 
 Assume we repeat ݊ times the statistical experiment and we get: ଵܺ, ܺଶ, … , ܺ௡ ׽  ௫݌

 ܺ௡’s represent the ݊th experiment and they all follow the same distribution (iid) 
 For all ݔ א ࣲ, the sampling distribution is  

݊௫

݊ ൌ
# of times that value ݔ occurs

# of experiments ൌ relative frequency of ݔ 

where ݊௫ is the number of times I observe the value ݔ. 
 Then, we can derive the mathematical (or population) expectation of ࢄ 

ҧ௡ݔ ൌ
1
݊ ෍ ௜ݔ

௡

௜ୀଵ

ൌ
1
݊ ෍ ݔ ڄ ݊௫

௫ࣲא

ൌ ෍ ݔ ڄ
݊௫

݊
௫ࣲא

if ௅௅ே applies
ሱۛ ۛۛ ۛۛ ۛۛ ሮ ෍ ሺܺܲݔ ൌ ሻݔ

௫ࣲא

ൌ  ܺܧ

 Here we use ݔ  instead of ܺ  because we’re talking about the realizations, not the 
random variables. We could have used ܺ instead, in which case we’ll be referring to 
the random variable before the experiments. 

 
 Example 1. We draw (with replacement) ܰ balls from a box that contains a proportion of ݌ 

green balls. 
 ݅# ௜ : number of green balls picked during experimentݔ 
 Here ݔ௜ ׽ ࣜሺܰ,  ,ሻ. Then݌

ܺܧ ൌ ෍ ݔ ܲሺܺ ൌ ሻᇣᇧᇧᇤᇧᇧᇥݔ
ࣜሺே,௣ሻ

ே

௫ୀ଴

ൌ ෍ ݔ ቀܰ
ݔ ቁ ௫ሺ1݌ െ ሻேି௫݌

ே

௫ୀ଴

ൌ ݌ܰ ෍ ݔ
ሺܰ െ 1ሻ!

!ݔ ሺܰ െ !ሻݔ ௫ିଵሺ1݌ െ ሻேି௫݌
ே

௫ୀ଴

ൌ ݌ܰ ෍
ሺܰ െ 1ሻ!

!ݕ ሺܰ െ ݕ െ 1ሻ! ௬ሺ1݌ െ ሻேିሺ௬ାଵሻ݌
ேିଵ

௬ୀ଴ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
൫௣ାሺଵି௣ሻ൯ಿషభୀଵ

ൌ  ݌ܰ

 Here ݕ ൌ ݔ െ 1 
 

 Example 2. ܺ ׽  ሻߣሺ݊݋ݏݏ݅݋ܲ

ܺܧ ൌ ෍ ሺܺܲݔ ൌ ሻݔ
ஶ

௫ୀ଴

ൌ ෍ ݔ
݁ିఒߣ௫

!ݔ

ஶ

௫ୀ଴

ൌ ߣ ෍
݁ିఒߣ௫ିଵ

ሺݔ െ 1ሻ!

ஶ

௫ୀଵ

ൌ ߣ ෍
݁ିఒߣ௬

!ݕ

ஶ

௬ୀ଴ᇣᇧᇧᇤᇧᇧᇥ
ୀଵ

ൌ  ߣ

 CDF of Poisson distribution: 

;ݔ௑ሺܨ ݇, ሻߣ ൌ ෍
݁ିఒߣ௞

݇!

௫

௞ୀ଴

 

 2nd case : ܺ absolutely continuous 
ܲሺܺ א ሺݔ, ݔ ൅ ሿሻݔ∆ ൎ ௑݂ሺݔሻ∆ݔ 
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෍ ሺܺܲݔ א ሺݔ, ݔ ൅ ሿሻݔ∆ ൎ ෍ ݔ ௑݂ሺݔሻ∆ݔ 

֜ ܺܧ   ൌ න ݔ ௑݂ሺݔሻ݀ݔ
ାஶ

ିஶᇣᇧᇧᇧᇤᇧᇧᇧᇥ
well‐defined if ா|௑|ழஶ

ൎ ෍ ௜ݔ ௑݂ሺݔሻሺݔ௜ାଵ െ ௜ሻᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥݔ
ൎ௉ሺ௫೔ழ௑ஸ௫೔శభሻ

 

 
 Example. ܺ ׽ Γሺ݌,  ሻߠ

ܺܧ ൌ න ݔ
1

ሻ݌௣Γሺߠ ௣ିଵ݁ି௫ݔ ఏ⁄ ݔ݀
ஶ

଴
ൌ ߠ݌ න ݔ

1
݌௣ିଵΓሺߠ ൅ 1ሻ ௣ିଵ݁ି௫ݔ ఏ⁄

ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ୻ሺ௣ାଵ,ఏሻ

ݔ݀
ஶ

଴
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ୀଵ

ൌ  ߠ݌

 This leads to the linearity of the expectation operation ܧ: 

ܧ ൬
ܺ
൰ߠ ൌ  ݌

 This property is not limited to the Gamma distribution. 
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Mathematical Expectation (cont’d) 
 

 Want to define 

ܺܧ ൌ න ݔ ݀ܲ௑ሺݔሻᇣᇧᇤᇧᇥ
௙೉ሺ௫ሻௗ௫ୀ௉ሺ௫ழ௑ஸ௫ାௗ௫ሻ

or   ௉ሺ௑ୀ௫ሻ
Թ

 

 We have shown for the cases ௑݂ሺݔሻ݀ݔ ൌ ܲሺݔ ൏ ܺ ൑ ݔ ൅ ሻ and ܲሺܺݔ݀ ൌ  .ሻݔ
 We will see that  

නܺሺ߱ሻ݀ܲሺ߱ሻ
Ω

ൌ න ณݔ
Identity function

 ݀ܲ௑ሺݔሻ
Թ

 

for ܺ ׷ Ω ՜ Թ. 
 

 1st case: ܺ takes a finite number of values that are non-negative 

ܺ ൌ ෍ ௜ ૚஺೔ߙ

௡

௜ୀଵ

 

with ܣ௜ ൌ ሼ߱ ׷ ܺሺ߱ሻ ൌ  .௜ሽߙ
 .௜ߙ  ௜ is the pre-image ofܣ 

Integrate on both sides: 

න ܺ݀ܲ
Ω

ൌ ෍ ௜ߙ න ૚஺೔݀ܲ
Ωᇣᇧᇤᇧᇥ

௉ሺ஺೔ሻ

௡

௜ୀଵ

ൌ ෍ ௜ሻܣ௜ܲሺߙ
௡

௜ୀଵ

 

where 

ܲሺܣ௜ሻ ൌ ൫૚஺೔൯ܧ ൌ න ૚ሼ஺೔ሽ݀ܲ
Ω

ൌ න 1 ݀ܲ
஺೔

 

 This extends to the case where ܺ takes a countable number of non-negative values. 
 

 2nd case: ܺ is measurable non-negative r.v. such that  

ܺ ൌ lim ՛ ቐ ෍
݇

2௡  ૚
ቄ ௞
ଶ೙ஸ௑ழ௞ାଵ

ଶ೙ ቅ

௡ଶ೙ିଵ

௞ୀ଴

ቑ
ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ

௑೙

 

We can use the monotone convergence theorem to conclude: 

න ܺ݀ܲ ൌ lim ՛ න ܺ௡݀ܲ 

In other words,  
ܺܧ ൌ ሺlimܧ ՛ ܺ௡ሻ ൌ lim ՛  ௡ܺܧ

 
 3rd case: ܺ is measurable (real) r.v.  

ܺ ൌ ܺା െ ܺି 
where 

ܺା ൌ maxሼܺ, 0ሽ       and      ܺି ൌ maxሼെܺ, 0ሽ 
Note that both ܺା and ܺି are non-negative. 

ܺܧ ൌ ାܺܧ െ  ିܺܧ
are well-defined and finite if and only if  
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ାܺܧ ൏ ∞
ିܺܧ ൏ ∞

ቅ   ֞ |ܺ|ܧ   ൏ ∞  ֞   ܺ is integrable 
 Example. 

 
 

 Note 1. ܲ ൌ ܳߙ ൅ ሺ1 െ ሻߙ ෨ܳ  → measure 

න ܺ݀ܲ ൌ ߙ න ܺ݀ܳ ൅ ሺ1 െ ሻߙ න ܺ݀ ෨ܳ 

 
 Note 2. Transfer Theorem: Suppose ܻ ൌ ߶ሺܺሻ where ܻ is integrable, i.e. ܧ|ܻ| ൏ ∞ 

ܻܧ ൌ ሾ߶ሺܺሻሿܧ ൌ න ߶൫ܺሺ߱ሻ൯݀ܲሺ߱ሻ
Ω

ൌ න ߶ሺݔሻ݀ܲ௑ሺݔሻ
Թ

 

 ܺ is a r.v., and ܻ is a r.v. generated by ܺ. Then, to find expectation of ܻ, we can either 
evaluate it using the underlying probability space of ܺ  (i.e. Ω ), or treating ܺ  as the 
probability that generates ܻ, and evaluate ܻ using the distribution of ܺ. 

 
 

݂ሺݔሻ

݂ା

݂ି 
ݔ

݂ା ൒ 0 
݂ି ൑ 0 
݂ା െ ݂ି ൌ ݂ 
݂ା ൅ ݂ି ൌ |݂| 



Econ 831 Math Econ  Nov 8, 2010 

 Page 39 of 61 

Conditional Probability, Bayes’ Rule, and Independence 
 

 Definition. ܣ and ܤ are independent if and only if  
ܲሺܣ ת ሻܤ ൌ ܲሺܣሻܲሺܤሻ. 

 Note. If ܲሺܤሻ ് 0, then ܣ and ܤ are independent if and only if 

ܳ஻ሺܣሻ ؔ
ܲሺܣ ת ሻܤ

ܲሺܤሻ ൌ ܲሺܣሻ 

ሻܤis probable if ܲሺ ܤ  ് 0 
 We can call ܳ஻ሺܣሻ a probability measure with all the probability 1 put on ܤ. 
• The probability space associated with ܳ஻ is ሺΩ, ࣛ, ܳ஻ሻ 

ܳ஻ ׷ ܥ ՜ ܳ஻ሺܥሻ ൌ
ܲሺܤ ת ሻܥ

ܲሺܤሻ  

This formula describes the statistical model when 
• We draw from Ω 
• But we are sure that ߱ א  because we have some additional information ,ܤ

 Here ܳ஻ሺڄሻ is a well-defined probability measure as long as ܲሺܤሻ ് 0 
• ܳ஻ሺڄሻ is called the conditional probability distribution. 

ܲሺܤ|ܣሻ ൌ
ܲሺܣ ת ሻܤ

ܲሺܤሻ  

 
  are independent if and only if ܤ and ܣ 

ڄሻ and ܲሺڄhas the same probability for ܲሺ ܣ     ሻܤ|
 ܲሺܣሻ ൌ ܲሺܤ|ܣሻ 

 
 Example 1. ܺ represents duration (e.g. the Poisson process). 

 No memory property 
ܲሺܺ ൒ ݐ ൅ ݄|ܺ ൒ ሻݐ ൌ ܲሺܺ ൒ ݄ሻ   ֞   ܲሺܺ ൒ ݐ ൅ ݄ሻ ൌ ܲሺܺ ൒ ሻܲሺܺݐ ൒ ݄ሻ 

 For instance, ܲሺܺ ൒  ሻ is modeled using the exponential distributionݐ
ܲሺܺ ൒ ሻݐ ൌ ݁ିఏ௧ 

 Given the Poisson, 

ሻݐ௑ሺܨ ൌ ܲሺܺ ൑ ሻݐ ൌ ൜1 െ ݁ିఏ௧ if  ݐ ൒ 0
0 if  ݐ ൏ 0

 

Then, the survival function is 

ܵ௑ሺݐሻ ൌ ܲሺܺ ൐ ሻݐ ൌ 1 െ ሻݐ௑ሺܨ ൌ ൜݁ିఏ௧ if  ݐ ൒ 0
1 if  ݐ ൏ 0

 

 
 Example 2. A partition of Ω has the following properties: 

௜ܪ  ת ௝ܪ ൌ ݅ for any ,׎ ് ݆ 
ڂ  ௜ܪ

௡
௜ୀଵ ൌ Ω 

Decompose Ω into a partition. 

Ω ൌ ራ ௜ܪ

௡

௜ୀଵ

 

where ܲሺܪ௜ሻ ് 0 for all ݅. Then, 
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ܲሺܣሻ ൌ ෍ ܲሺܪ|ܣ௜ሻܲሺܪ௜ሻ
௡

௜ୀଵ

 

 Consider this: 
ܲሺܣሻ ൌ ܲሺܣ ת Ωሻ ൌ ܲ൫ܣ ת ሺܪଵ ׫ ڮ ׫ ௡ሻ൯ܪ ൌ ܲ൫ሺܣ ת ଵሻܪ ׫ ڮ ׫ ሺܣ ת  ௡ሻ൯ܪ

ൌ ܲሺܣ ת ଵሻܪ ൅ ڮ ൅ ܲሺܣ ת ௡ሻܪ ൌ ܲሺܪ|ܣଵሻܲሺܪଵሻ ൅ ڮ ൅ ܲሺܪ|ܣ௡ሻܲሺܪ௡ሻ 
 This is the key to define mixtures of distributions (cf. Wikipedia article) 
 Example. Γሺ݌ሻ 

݂ሺݔሻ ൌ
1

Γሺ݌ሻ ݁ି௫ݔ௣ିଵ 

 This is unimodal. 

݂ᇱሺݔሻ ൌ
1

Γሺ݌ሻ ሺ– ݁ି௫ݔ௣ିଵ ൅ ሺ݌ െ 1ሻݔ௣ିଶ݁ି௫ሻ 

݂ᇱሺݔሻ ൌ 0  ֜ ݔ   ൌ ݌ െ 1 
 Suppose ܺ ׽ ሾߙΓሺ݌ଵሻ ൅ ሺ1 െ  .ଶሻሿ݌ሻΓሺߙ

ሻݔ௑ሺܨ ൌ ሻݔଵሺܨߙ ൅ ሺ1 െ  ሻݔଶሺܨሻߙ
௑݂ሺݔሻ ൌ ߙ ଵ݂ሺݔሻ ൅ ሺ1 െ ሻߙ ଶ݂ሺݔሻ 

 
 If ܨ ൌ ∑ ௜௜ܨ௜ߙ , with ∑ ௜௜ߙ ൌ 1 and ߙ௜ ൒ 0, then ݂ ൌ ᇱܨ ൌ ∑ ௜ߙ ௜݂௜ , where ௜݂ ൌ ௜ܨ

ᇱ.  
• Here ߙ௜’s can be interpreted as PMF values (or probability of singletons). 
• This can extend to continuous cases, and the sum will be replaced by an integral. 
• This works for any distribution functions (CDF and PDF) 

 
 Note 3. The statement ܣ, ܣare independent  ֞  ܲሺ ܤ ת ሻܤ ൌ ܲሺܣሻܲሺܤሻ is always true. 

 If ܲሺܤሻ ൌ 0, then any set ܣ is independent of ܤ 
• Both sure and improbable sets are independent of anything, including themselves. 

,ܣ    are independent ܤ
֞  are independent ܤ ௖ andܣ
֞  ௖ are independentܤ and ܣ
֞  ௖ are independentܤ ௖ andܣ

• This is the Independence Complement Theorem. 
• For proof, use the following as initial step: 

ܲሺܣሻ ൌ ܲ൫ܣ ת ሺܤ ׫ ,௖ሻ൯ܤ ܲሺܤሻ ൌ ܲ൫ሺܣ ׫ ௖ሻܣ ת ,൯ܤ
ܲሺܣ௖ ת ௖ሻܤ ൌ ܲሺܣ ׫  ሻ௖ܤ

  ݔ

݂ሺݔሻ  

ଵ݌ െ 1 ଶ݌ െ 1

ଵ݂

ଶ݂
݂
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 Note 4. ܣ, ,ܤ  are pairwise independent does NOT imply ܥ
ܲሺܣ ת ܤ ת ሻܥ ൌ ܲሺܣሻ ܲሺܤሻܲሺܥሻᇣᇧᇧᇤᇧᇧᇥ

ୀ௉ሺ஻ת஼ሻ
ൌ ܲሺܣሻܲሺܤ ת  ሻܥ

where ܣ is independent of ሺܤ ת  ሻܥ
 

 Definition. ሺܣ௜ሻ௜אூ are mutually independent if and only if for all ܬ ك  ,finite ܬ with ܫ

ܲ ቌሩ ௜ܣ
௜א௃

ቍ ൌ ෑ ܲሺܣ௜ሻ
௜א௃

 

 
 Theorem (0-1 Law of Borel-Cantelli). Consider ሺܣ௡ሻ௡ sequence of events. 

1) If ∑ ܲሺܣ௡ሻஶ
௜ୀଵ ൏ ∞, then 

ܲሺlim sup ௡ሻܣ ൌ 0 
2) If  ∑ ܲሺܣ௡ሻஶ

௡ୀଵ ൌ ∞, and ሺܣ௡ሻ௡ are mutually independent, then, 
ܲሺlim sup ௡ሻܣ ൌ 1 

 Proof. Begin by recalling that  
lim sup ௡ܣ ൌ ሩ ራ ௣ܣ

௣ஹ௡௡אԳ

 

has the interpretation that ܣ௡ happens infinitely many times. 
 
Proof of (1). Note that ڂ ௣௣ஹ௡ܣ  is a decreasing sequence. Thus, 

ܲሺlim sup ௡ሻܣ ൌ lim ՝ ܲ ቌራ ௣ܣ
௣ஹ௡

ቍ ൑ lim ՝ ቐ෍ ܲ൫ܣ௣൯
ஶ

௣ୀ௡

ቑ ൌ 0 

The last equality is justified by the fact that each ܲ൫ܣ௣൯ is finite, and the sequence of 
partial sums is decreasing. 
 
Proof of (2).  

ܲሺlim sup ௡ሻܣ ൌ lim ՝ ܲ ቌራ ௣ܣ
௣ஹ௡

ቍ ൌ 1 െ lim ՛ ܲ ቌሩ൫ܣ௣൯௖

௣ஹ௡

ቍ 

Note that 

ܲ ቌራ ௣ܣ
௣ஹ௡

ቍ ൌ lim
ே

՛ ቐܲ ቌ ራ ௣ܣ
ேஹ௣ஹ௡

ቍቑ 

ൌ 1 െ lim
ே

՝ ܲ ቌ ሩ ൫ܣ௣൯௖

ேஹ௣ஹ௡

ቍ 

ൌ 1 െ lim
ே

՝ ෑ ܲ൫൫ܣ௣൯௖൯
ேஹ௣ஹ௡

 

ൌ 1 െ lim
ே

՝ ෑ ቀ1 െ ܲ൫ܣ௣൯ቁ
ேஹ௣ஹ௡ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

ୀ଴
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To show that the second term is indeed equal to zero, 

ෑ ቀ1 െ ܲ൫ܣ௣൯ቁ
ேஹ௣ஹ௡

൑ ෑ exp ቀെܲ൫ܣ௣൯ቁ
ேஹ௣ஹ௡

ൌ exp ቐെ ෍ ܲ൫ܣ௣൯
ேஹ௣ஹ௡

ቑ
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

՜ିஶ

 

The inequality is justified by 1 െ ݔ ൑ ݁ି௫ ൎ 1 െ ݔ ൅ ௫మ

ଶ
  Since .ڮ

 
 

 Independence of r.v.  
 Suppose we have ሺΩ, ࣛ, ܲሻ, and we have random variables ଵܺ א Թௗభ, ܺଶ א Թௗమ, …  

ଵܺ, ܺଶ independent 
֞ ,ଵܣ׊   ଶܣ ׷ ܲሺ ଵܺ א ,ଵܣ ܺଶ א ଶሻܣ ൌ ܲሺ ଵܺ א ଵሻܲሺܺଶܣ א  ଶሻܣ
֞ ,ଵܣ׊   ଶܣ ׷ ଵܺ

ିଵሺܣଵሻ and ܺଶ
ିଵሺܣଶሻ are independent 

֞   ଵܺ
ିଵሺԹௗభሻ  and  ܺଶ

ିଵሺԹௗమሻ  are independent  
 

 Definition. ሺΩ, ࣛ, ܲሻ with ࣝ௜ ؿ ࣛ. Then, ሺࣝ௜ሻ௜אூ are independent if and only if 
௜ܣ׊ א ࣝ௜ ׷ ሺܣ௜ሻ௜אூ are independent 

 
 Definition. ሺΩ, ࣛ, ܲሻ with ௜ܺ on ሺԹௗ೔, Թௗ೔ሻ. ሺ ௜ܺሻ௜אூ are independent if and only if  

൫ߪሺ ௜ܺሻ൯௜אூ  are independent 
 

 Theorem. ሺΩ, ࣛ, ܲሻ with ࣝ௜ ؿ ࣛ for all ݅ א   If .ܫ
݅׊ א ܫ ׷ ,ܣ ܤ א ࣝ௜   ֜   ሺܣ ת ሻܤ א ࣝ௜ 

Then, ሺࣝ௜ሻ௜אூ are independent if and only if ൫ߪሺࣝ௜ሻ൯௜אூ are independent.  
 

 One easy case is when ࣝ௜ ൌ ሼܣ௜ሽ . ሺሼܣ௜ሽሻ௜אூ  are independent if and only if 
ሺሼ׎, Ω, ,௜ܣ ሺܣ௜ሻ௖ሽሻ௜אூ are independent.  
 

 Case 1: discrete r.v. ܲሺ ௜ܺ א ௜ࣲሻ ൌ 1 with ௜ࣲ finite or countable. ሺ ௜ܺሻ௜אூ are independent 
if and only if  

ۉ

ۈ
ۇ

௜ܺ
ିଵ

ۉ

ۇ ሺߪ ௜ࣲሻᇣᇤᇥ
ఙ field defined by 
the values ௫೔א ೔ࣲ ی

ۊ

ی

ۋ
ۊ

௜אூ

 independent   

֞   

ۉ

ۈۈ
ۇ

௜ܺ
ିଵ

ۉ

ۈ
ۇ

࣪ሼݔ௜ ׷ ௜ݔ א ௜ࣲሽᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࣪ሺ ೔ࣲሻୀఙ൫൛ሼ௫೔׷௫೔א ೔ࣲሽൟ൯

stable by intersection ی

ۋ
ۊ

ی

ۋۋ
ۊ

௜אூ

  independent 

֞ ܬ׊   ك ܫ ׷ |ܬ| ൏ ∞, ௜ݔ׊ א ௜ࣲ ׷ ܲሺ ௜ܺ ൌ ௜ݔ ׷ ݅ א ሻܬ ൌ ෑ ܲሺ ௜ܺ ൌ ௜ሻݔ
௜א௃

 

 ௜ࣲ is the support of ௜ܺ. 
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Independence or r.v. 
 

 Theorem. ሺΩ, ࣛ, ܲሻ  with ࣝ௜ ؿ ࣛ  for all ݅ א ܫ . If ݅׊ א ܫ ׷ ,ܣ ܤ א ࣝ௜   ֜ ܣ   ת ܤ א ࣝ௜ , then 
ሺࣝ௜ሻ௜אூ are independent if and only if ൫ߪሺࣝ௜ሻ൯௜אூ are independent. 

 2 discrete r.v. ܺ, ܻ are independent if and only if 
ܲሺܺ ൌ ,ݔ ܻ ൌ ሻݕ ൌ ܲሺܺ ൌ ሻܲሺܻݔ ൌ ,ሻݕ ,ݔ׊  ݕ
֞   ܲሺ௑,௒ሻሺሼݔ, ሽሻݕ ൌ ܲ௑ሺሼݔሽሻܲ௒ሺሼݕሽሻ 

 
 Definition. Given ሺΩ௜, ࣛ௜, ௜ܲሻ௜אூ,  

ܲ ؠ ໆ ௜ܲ
௜אூ

 

is the probability measure on ሺ∏ Ω௜௜אூ , ۪ ࣛ௜௜אூ ሻ, where  

ໆ ࣛ௜
௜אூ

ൌ ߪ ൭ෑ ௜ܣ
௜אூ

׷ ௜ܣ א ࣛ௜อ݅׊, and ܬ׌finite ؿ ܫ ׷ ݅׊ ב ܬ ׷ ௜ܣ ൌ Ω௜൱ 

such that  

ܲ ൭ෑ ௜ܣ
௜אூ

൱ ൌ ෑ ௜ܲሺܣ௜ሻᇣᇤᇥ
only a finite
number of

them are not 1 

௜אூ

 

 Note. ۪ means the cross-product of collection of sets. 
 Ωଵ ൌ ሼܽ, ܾሽ, Ωଶ ൌ ሼܿ, ݀ሽ, ࣛଵ ൌ ൛׎, ሼܽሽ, ሼܾሽ, ሼܽ, ܾሽൟ,  ࣛଶ ൌ ൛׎, ሼܿሽ, ሼ݀ሽ, ሼܿ, ݀ሽൟ. Then, 

Ωଵ ൈ Ωଶ ൌ ሼሺܽ, ܿሻ, ሺܽ, ݀ሻ, ሺܾ, ܿሻ, ሺܾ, ݀ሻሽ 
ࣛଵ ٔ ࣛଶ ൌ ሼ׎, ሼܽሽ ൈ ሼܿሽ, … ሽ 

 Example. 
Թଶ ൌ Թ ൈ Թ 
ሺݔ, ሻݕ א Թଶ   ֞ ݔ   א Թ, ݕ א Թ 

ଵܣ ൈ ଵܣ ଶ withܣ א ࣛଵ and ܣଶ א ࣛଶ. 
 

 Theorem. ሺ ௜ܺሻ௜אூ are independent if and only if  
ܲሺ௑೔ሻ೔א಺ᇣᇤᇥ

Global CDF
୭୰ J୭୧୬୲ CDF

ൌ ෑ ܲ௑೔

௜אூᇣᇧᇤᇧᇥ
induced probability

 

 For us, the index set ܫ is most of time finite, and sometimes countable (if we are dealing 
with sequences) 

 When ܺ’s are independent, then the global CDF is equal to the product of individual CDF. 
 

 Case 2 (continuation from last class): ௜ܺ is a real-valued r.v. (extension to Թௗ is “easy) 

ሺߪ ௜ܺሻ ൌ ௜ܺ
ିଵሺࣜሻ ൌ ௜ܺ

ିଵ ቀߪ൫ሺെ∞, ሿݔ ׷ ݔ א Թ൯ቁ ൌ
by ௅௘௠௠௔ ଶ

ߪ ቌ ௜ܺ
ିଵ൫ሺെ∞, ሿݔ ׷ ݔ א Թ൯ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ

stable by intersection

ቍ 

ሺ ௜ܺሻ௜אூ are independent if and only if 
ቀ ௜ܺ

ିଵ൫ሺെ∞, ሿݔ ׷ ݔ א Թ൯ቁ
௜אூ

 are independent 
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֞ finiteܬ׊   ؿ ,ܫ ௜ݔ׊ א Թ ׷ ܲሺ ௜ܺ ൑ ௜ݔ ׷ ݅ א ሻܬ ൌ ෑ ܲሺ ௜ܺ ൑ ௜ሻݔ
௜א௃

 

֞ ௃൯א௜ሻ௜ݔ಻൫ሺאሺ௑೔ሻ೔ܨ   ൌ ෑ ௑೔ܨ
ሺݔ௜ሻ

௜א௃

 

Therefore, if ܫ is finite, I only have to check this last equality on ܫ. 
 Random variables are independent if and only if their joint CDF is a product of their 

respective CDF’s. 
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Expectation and Independence 
 

 Definition. For a real r.v. ܺ that is integrable, 

ᇣᇤᇥܺݎܸܽ
variance of ௑

ൌ ܧ ൥ቆܺ െ ดܺܧ
not ௥.௩.

ቇ
ଶ

൩
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

not ௥.௩.

 

 
 Proposition. Suppose 

ܺݎܸܽ ൏ ∞  ֞ ଶܺܧ   ൏ ∞  ֞   ܺ square integrable. 
Then, ܸܽܺݎ ൌ ሺܺଶሻܧ െ ሺܺܧሻଶ. 

 Square integrable means ׬ ܺଶ݀ܨ௑ exists. 
 Proof. By definition, 

ܺ ݎܸܽ ൌ ሾሺܺܧ െ  ሻଶሿܺܧ
ൌ ሾܺଶܧ ൅ ሺܺܧሻଶ െ  ሿܺܧ2ܺ
ൌ ଶܺܧ ൅ ሺܺܧሻଶ െ ܺܧ2 ڄ  ܺܧ
ൌ ଶܺܧ െ ሺܺܧሻଶ 

 Note. ܸܽݎ ܺ ൒ 0  ֜ ଶܺܧ   ൒ ሺܺܧሻଶ.  
• The inequality in this case is due to the convexity of the square function  
• Note that ܸܽܺݎ is a number, not a random variable, so ܸܽܺݎ ൒ 0. 

 Note. Since ܺ is r.v., we have to say ܺ ൒ 0 almost surely 
 

 Jensen Inequality: 
 If ߶ is a concave function, then ܧሾ߶ሺܺሻሿ ൑ ߶ሾܺܧሿ. 
 If ߶ is a convex function, then ܧሾ߶ሺܺሻሿ ൒ ߶ሾܺܧሿ. 

 
 Proposition. If ܺ is square integrable, and ܽ is a parameter, then 

ሾሺܺܧ െ ܽሻଶሿᇣᇧᇧᇧᇤᇧᇧᇧᇥ
mean squared error
୵୧୲୦ ୰ୣୱ୮ୣୡ୲ ୲୭ ௔

ൌ ܧܵܯ ൌ ᇣᇤᇥܺ ݎܸܽ
measure of 
variability

൅ ሺܺܧ െ ܽሻଶᇣᇧᇧᇤᇧᇧᇥ
bias squared

 

 Note. ܽ does not have to be ܺܧ. 
 Note. ܸܽݎ ܺ ൌ ሺܺݎܸܽ െ ܽሻ. 

ሺܺݎܸܽ െ ܽሻ ൌ ሺܺܧ െ ܽሻଶ െ ൫ܧሺܺ െ ܽሻ൯ଶ 
ൌ ሺܺଶܧ െ 2ܽܺ ൅ ܽଶሻ െ ሺܺܧ െ ܽሻଶ 
ൌ ଶܺܧ െ ܺܧ2ܽ ൅ ܽଶ െ ሺሺܺܧሻଶ െ ܺܧ2ܽ ൅ ܽଶሻ 
ൌ ଶܺܧ െ ሺܺܧሻଶ ൌ  ሺܺሻݎܸܽ

 Note. ܸܽݎሺܽܺ ൅ ܾሻ ൌ ܽଶܸܽݎ ܺ 
ሺܽܺݎܸܽ ൅ ܾሻ ൌ  ሺܽܺሻݎܸܽ
ൌ ሺܽܺሻଶܧ െ ൫ܧሺܽܺሻ൯ଶ 
ൌ ܽଶܺܧଶ െ ܽଶሺܺܧሻଶ 
ൌ ܽଶሺܺܧଶ െ ሺܺܧሻଶሻ ൌ ܽଶܸܽݎሺܺሻ 

 
 Property of variance. 

 Markov inequality 

ܲሺ|ܺ െ |ܺܧ ൒ ܽሻ ൑
1
ܽ ܺ|ܧ െ ,|ܺܧ ܽ׊ ൐ 0 
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ܲሺ|ܺ െ |ܺܧ ൑ ܽሻ ൒ 1 െ
1
ܽ ܺ|ܧ െ ,|ܺܧ ܽ׊ ൐ 0 

 
 Bienayme-Chebyshev 

ܲሺ|ܺ െ |ܺܧ ൒ ܽሻ ൑
1

ܽଶ  ܺ ݎܸܽ
 Proof. 

 Proof of Markov inequality.  
ܽ૚ሼ|௑ିா௑|ஹ௔ሽ ൑ |ܺ െ ,|ܺܧ  ݕ݈݁ݎݑݏ ݐݏ݋݈݉ܽ

֞   ૚ሼ|௑ିா௑|ஹ௔ሽ ൑
1
ܽ

|ܺ െ ,|ܺܧ  ݕ݈݁ݎݑݏ ݐݏ݋݈݉ܽ
Take expectation of this inequality: 

૚ሼ|௑ିா௑|ஹ௔ሽ൧ൣܧ ൑
1
ܽ ܺ|ܧ െ |ܺܧ   ֞   ܲሺ|ܺ െ |ܺܧ ൒ ܽሻ ൑

1
ܽ ܺ|ܧ െ  |ܺܧ

• The key is to use the fact that the expectation of the indicator is the probability of 
the events.  

 Proof of Bienayme-Chebyshev. Same as in the Markov case. Just to square 
everything. 

ܽ૚ሼ|௑ିா௑|ஹ௔ሽ ൑ |ܺ െ |ܺܧ   ֜   ൫ܽ૚ሼ|௑ିா௑|ஹ௔ሽ൯ଶ ൑ ሺ|ܺ െ  ሻଶ|ܺܧ
֜ ൫ܽ૚ሼ|௑ିா௑|ஹ௔ሽ൯ଶܧ   ൑ ܺ|ሺܧ െ  ሻଶ|ܺܧ

֜   ܲሺ|ܺ െ |ܺܧ ൒ ܽሻ ൑
1

ܽଶ  ܺݎܸܽ
 

 Special cases of the above two inequalities.  
 Pick ܽ ൌ ܺ|ܧ݇ െ  Then the Markov inequality is .|ܺܧ

ܲ ቆ
|ܺ െ |ܺܧ

ܺ|ܧ െ |ܺܧ ൒ ݇ቇ ൑
1
݇ 

 Pick ܽ ൌ ܺ ݎܸܽ√݇ ൌ  ሺܺሻ is the standard deviation. The B-C inequality isݏ ሺܺሻ, whereݏ݇

ܲ ቆ
|ܺ െ |ܺܧ

ሺܺሻݏ ൒ ݇ቇ ൑
1

݇ଶ 

 Example. ݇ ൌ 2 

ܲ ቆ
|ܺ െ |ܺܧ

ሺܺሻݏ ൒ 2ቇ ൑
1
4   ֞   ܲሺܺ א ሾܺܧ െ ܺܧ   ,ሺܺሻݏ2 ൅ ሺܺሻሿሻݏ2 ൒

3
4 

ܺ  

௑ܲሺݔሻ  

ܺܧ െ ܽ ܺܧ െ ܺܧܽ
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 Averaging reduces variability?  

 If ଵܺ, … , ܺ௡  are ݊ r.v.’s that are identically and distributed and independent (iid) ׽ ܺ, 
then 

ݎܸܽ ൭
1
݊ ෍ ௜ܺ

௡

௜ୀଵ

൱ ൌ
1

݊ଶ ቎ܧ ൭෍ ௜ܺ

௡

௜ୀଵ

൱
ଶ

െ ൭ܧ ෍ ௜ܺ

௡

௜ୀଵ

൱
ଶ

቏
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

௡ ௏௔௥௑

ൌ
1
݊  ܺ ݎܸܽ
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Variance (cont’d) 
 

 ଵܺ, … , ܺ௡ is iid ܲ௑ 

ݎܸܽ

ۉ

ۈ
1ۇ

݊ ෍ ௜ܺ

௡

௜ୀଵᇣᇧᇤᇧᇥ
௑ത೙ ی

ۋ
ۊ

ൌ
1
݊ ,ሺܺሻݎܸܽ ܺ is a representative ݎ. of ௜ܺ .ݒ  due to ݅݅݀ 

Consequently, 

തܺ௡ ൌ
1
݊ ෍ ௜ܺ

௡

௜ୀଵ

 

is a consistent estimator of ܺܧ if 
ܧ  തܺ௡ ൌ  ܺܧ

ܧ ൭
1
݊ ෍ ௜ܺ

௡

௜ୀଵ

൱ ൌ
1
݊ ൫ܧሺ ଵܺሻ ൅ ڮ ൅ ሺܺ௡ሻ൯ܧ ൌ

ሺܺሻܧ݊
݊ ൌ  ሺܺሻܧ

ݎܸܽ  തܺ௡ ௡
՜ 0 

 
 Example. ௜ܺ ൌ ૚஺ሺ ௜ܻሻ, തܺ௡ ൌ ௡݂ሺܣሻ is a consistent estimator of ܲሺܣሻ. 

 

 Definition. ܺ௡ ெௌா
ሱۛ ሮ

௅మ

ܺ  ֞ ሺܺܧ   െ ܺ௡ሻଶ ௡
՜ 0 

 
ெௌா
ሱۛ ሮ   ֞   

௅మ

՜   ֜  
௉௥௢௕
ሱۛ ሮ   ֜    

஽௜௦௧௥௜௕௨௧௜௢௡
ሱۛ ۛۛ ۛۛ ۛۛ ሮۛ 

 Note. ԡܺԡ ൌ  .ଶ is the norm in the space of square-integrable r.vܺܧ√
,ܺۃ ଶ is a normed space (a Hilbert space withܮ  ۄܻ ൌ  (ሺܻܺሻܧ

 
 Property 1: 

ܺ௡
௅మ

՜ ܺ  ֞   ൜
௡ܺܧ ՜ ܺܧ

ሺܺ௡ݎܸܽ െ ܺሻ ՜ 0 

 

ܺ௡
௅మ

՜ ܽ  ֞   ൜ ௡ܺܧ ՜ ܺܧ
௡ܺݎܸܽ ՜ 0 

Proof.  
ሾሺܺܧ െ ܺ௡ሻଶሿᇣᇧᇧᇧᇤᇧᇧᇧᇥ

՜଴

ൌ ሺܺݎܸܽ െ ܺ௡ሻ ൅ ሺܺܧ െ  .௡ሻଶܺܧ

 
 Property 2:  

ܺ௡
௅మ

՜ ܺ  ֜   ܺ௡
௉
՜ ܺ 

Proof. For any ߳ ൐ 0 

ܲሺ|ܺ௡ െ ܺ| ൐ ߳ሻ ൑
1
߳ଶ ሺܺ௡ܧ െ ܺሻଶᇣᇧᇧᇤᇧᇧᇥ

՜ ଴ by ௅మ 
convergence

 

 Note. Convergence in probability does not imply convergence in ܮଶ  
 Counter example: 
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Suppose ܺ௡ ൌ ܺ for all ߱ ב ௡ܰ with ܲሺ ௡ܰሻ ൌ 1 ݊⁄ . If ߱ א ௡ܰ, then ܺ௡ ൌ ܺ ൅ ݊.  

ܲሺ|ܺ௡ െ ܺ| ൐ ߳ሻ ൌ ܲሺ ௡ܰሻ ൌ
1
݊ ՜ 0 

ሺܺܧ െ ܺ௡ሻଶ ൌ
1
݊ ݊ଶ ൌ ݊ ՜ ∞ 

 
• In this example, ௡ܰ is a sequence of sets in the sample space. 
• ܺ௡ is almost equal to ܺ except when ߱ א ௡ܰ. 

 Let ܦ௡ ൌ ܺ െ ܺ௡. 
௡ܦܧ

ଶ ൌ ܲሺ ௡ܰሻܧሺܦ௡
ଶ| ௡ܰሻ ൅ ܲሺ ௡ܰതതതതሻܧ ቀܦ௡തതതതଶቚ ௡ܰതതതതቁ 

 
 Definition. Suppose ܺ, ܻ are square integrable.  

,ሺܺݒ݋ܥ  ܻሻ ൌ ሺܻܺሻܧ െ ܺܧ ڄ ܻܧ ൌ ሼሺܺܧ െ ሻሺܻܺܧ െ  ሻሽܻܧ
 ܺ, ܻ are uncorrelated if and only if ݒ݋ܥሺܺ, ܻሻ ൌ 0. 

 
 Theorem (Law of Large Numbers for uncorrelated r.v.). Consider ܺ௡ such that  

௡ܺܧ ൌ ݉, ௡ܺݎܸܽ ൌ ଶݏ ൏ ∞, ݅׊ ് ݆ ׷ ൫ݒ݋ܥ ௜ܺ, ௝ܺ൯ ൌ 0 

Then, തܺ௡
௅మ

՜ ݉.  
 This a strong LLN because it implies the weak LLN. 

 
 Characteristic Function.  

 Covariance of ܺ, ܻ  does not characterize independence. The reason is that, knowing 
,ܺܧ ,ܻܧ ,ܺݎܸܽ  only characterize the marginal distribution of ܺ and ܻ, but not the ܻݎܸܽ
joint distribution of ܺ  and ܻ . But we need the joint distribution to determine 
independence. 

 We need to know ܧሾ݃ሺܺሻሿ for any ݃, which is equivalent to knowing ܲ௑ 
 Similarly, ܧሾ݃ሺܺሻ݄ሺܻሻሿ for any ݃, ݄ is equivalent to knowing ܲ௑,௒.   

 
 Definition. Given a r.v. ܺ ׷ Ω ՜ Թௗ, the characteristic equation is  

߶௑ሺݑሻ ൌ ,ሻሿ்ܺݑ ሾexpሺiܧ ݑ׊ א Թௗ 
ൌ cosሺ்ܺݑሻ ൅ i sinሺ்ܺݑሻ 

This is bounded within the unit circle. 

ܺ௡ ൌ ܺ ൅ ݊,
߱ א ௡ܰ 

ܺ௡ ൌ ܺ,
߱ א ௡ܰതതതത

1 ݊⁄  

1 െ ሺ1 ݊⁄ ሻ
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Characteristic Function (cont’d) 
 

 Definition. The characteristic function of a r.v. ܺ ׷ Ω ՜ Թௗ is  
߶௑ሺݑሻ ൌ ,൫݁୧௨೅௑൯ܧ ݑ׊ א Թௗ 

 
 Note. ்ܺݑ א Թ is a scalar. 
 Note. Knowing ߶௑ on Թௗ is equivalent to  

 Knowing ܧሾ݄௨ሺܺሻሿ, where ݄௨ሺܺሻ ൌ expሺi்ܺݑሻ are a basis of function  
 Knowing ܧሾ݄ሺܺሻሿ 
 Knowing ܲ௑ 

 
 Theorem. Consider 2 r.v. ܺ, ܻ.  

ܲ௑ ൌ ܲ௒   ֞   ߶௑ ൌ ߶௒ 
 

 Theorem. Given a one-dimensional real random variable, if ܧ|ܺ|௡ ൏ ∞, then ߶௑ is ݊-times 
differentiable and  

߶௑
ሺ௞ሻሺ0ሻ ൌ i௞ܺܧ௞, ݇׊ ൌ 0, … , ݊ 

When ݊ is finite, we can switch the differentiation and expectation operation. 
 

 Example. Calculation of moments of a r.v. (one-dimensional) 
߶௑ሺݑሻ ൌ ൫݁୧௨௑൯ܧ   ֜   ߶௑

ᇱ ሺݑሻ ൌ iܧ൫ܺ݁୧௨௑൯   ֜   ߶௑
ᇱ ሺ0ሻ ൌ iܧሺܺሻ 

֜   ߶௑
ሺଶሻሺݑሻ ൌ iଶܧ൫ܺଶ݁୧௨௑൯   ֜   ߶௑

ሺଶሻሺ0ሻ ൌ െܧሺܺଶሻ 
 This is an “efficient” way to get higher order moments 

 
 Another way is to use the moment generating function (MGF): 

ሻݑ௑ሺܮ ൌ  ൫݁௨೅௑൯ܧ
This is the LaPlace transformation. 

ሻݑ௑ሺܮ߲
ᇣᇧᇤᇧᇥݑ߲

column vector

ൌ ൫ܺ݁௨೅௑൯ܧ   ֜
ሻݑ௑ሺܮ߲

ݑ߲ ቤ
௨ୀ଴

ൌ  ܺܧ

߲
ݑ߲ ቌ

ሻݑ௑ሺܮ߲
ᇣᇧᇤᇧᇥ்ݑ߲

row vector

ቍ ൌ ൫்ܺܺ݁௨೅௑൯ܧ   ֜  
߲ଶܮ௑ሺݑሻ
்ݑ߲ݑ߲ ቤ

௨ୀ଴
ൌ  ሺ்ܺܺሻܧ

 Note. ߲ܮ௑ ⁄ݑ߲  will give a column vector, ߲ܮ௑ ⁄்ݑ߲  will give a row vector. 
 Note. Since ܮ௑ሺݑሻ is a scalar, the order of differentiation does not matter, i.e. can 

differentiate w.r.t ݑ  and then ்ݑ . However, if ܮ௑ሺݑሻ  is a column vector, must 
differentiate w.r.t. a row vector ்ݑ. 

 For random vector ܺ of dimension ݀ 
ᇣᇤᇥܺ ݎܸܽ

ௗൈௗ
ൌ ሺܺܺᇱሻܧ െ ሺܺܧሻሺܺܧᇱሻ ൌ ሾሺܺܧ െ ሻሺܺܺܧ െ  ሻᇱሿܺܧ

where ൣܧ൫ ௜ܺ ௝ܺ൯ െ ሺܧ ௜ܺሻܧ൫ ௝ܺ൯൧
ଵஸ௜,௝ஸௗ

 is a typical element of ܸܽݎ ܺ.  

• On the main diagonal (݅ ൌ ݆), we have ܸܽݎ ௜ܺ 
• Off the main diagonal (݅ ് ݆), we have ݒ݋ܥ ൫ ௜ܺ, ௝ܺ൯ 
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 Covariance of random vectors: ܺ of dimension ݀௑ and ܻ of dimension ݀௒ 
,ሺܺݒ݋ܥ ܻሻ ൌ ሺܻܺᇱሻᇣᇧᇤᇧᇥܧ

ௗ೉ൈௗೊ

െ  ሺܻᇱሻܧሺܺሻܧ

 With linear combination of ܺ and ܻ, where ܣ is ሺ݊ ൈ ݀௑ሻ and ܤ is ሺ݉, ݀௒ሻ 
,ܺܣሺݒ݋ܥ ሻܻܤ ൌ ด ܣ 

௡ൈௗ೉

ڄ ,ሺܺݒ݋ܥ ܻሻᇣᇧᇧᇤᇧᇧᇥ
ௗ೉ൈௗೊ

ڄ ᇱดܤ 
ௗೊൈ௠

 

 
 Example of using MGF on Poisson distribution. Let ܺ ׽ ࣪ሺߣሻ 

ሺ݁௨௑ሻܧ ൌ ෍ ݁௨௞ܲሺܺ ൌ ݇ሻ
ஶ

௞ୀ଴

ൌ ෍ ݁௨௞ ݁ିఒߣ௞

݇!

ஶ

௞ୀ଴

ൌ ݁ିఒ ෍
ሺ݁௨ߣሻ௞

݇!

ஶ

௞ୀ଴

ൌ ݁ିఒ݁ఒ௘ೠ

ൌ expሾߣሺ݁௨ െ 1ሻሿ 
Let ܮ௑ሺݑሻ ൌ expሾߣሺ݁௨ െ 1ሻሿ. Then, 

௑ܮ
ᇱ ሺݑሻ ൌ ௨݁ߣ ڄ expሾെߣሺ1 െ ݁௨ሻሿ   ֜ ௑ܮ  

ᇱ ሺ0ሻ ൌ ֜  ߣ ܺܧ   ൌ  ߣ
௑ܮ

ᇱᇱሺݑሻ ൌ ሾ݁ߣ௨ ൅ ሺ݁ߣ௨ሻଶሿ expሾെߣሺ1 െ ݁௨ሻሿ   ֜ ௑ܮ  
ᇱᇱሺ0ሻ ൌ ߣ ൅ ଶߣ   ֜ ଶܺܧ   ൌ ߣ ൅  ଶߣ

Therefore, ܸܽݎ ܺ ൌ ଶܺܧ െ ଶܺܧ ൌ ߣ ൅ ଶߣ െ ଶߣ ൌ  .ߣ
 

 Theorem. 2 r.v. ܺ, ܻ are independent if and only if  
,ݑ׊ ݒ ׷ ߶௑,௒ሺݑ, ሻݒ ൌ ߶௑ሺݑሻ߶௒ሺݒሻ 

ൌ ்ܺݑሾexpሺiܧ ൅ i்ܻݒሻሿ 
ൌ ߶ቀ௑

௒ቁ ቀݑ
 ቁݒ

ൌ ܧ ቈexp ቆi ቀݑ
ቁݒ

்
ቀܺ

ܻቁቇ቉ 

 
 Theorem. Let ܺ, ܻ be independent random vectors of size ݀. Then  

ݑ׊ א Թௗ ׷ ߶௑ା௒ሺݑሻ ൌ ߶௑ሺݑሻ߶௒ሺݑሻ 
 

 Example (with Poisson distribution). ܺ ׽ ࣪ሺߣሻ, ܻ ׽ ࣪ሺߤሻ, and ܺ, ܻ are independent. 
߶௑ା௒ሺݑሻ ൌ ߶௑ሺݑሻ߶௒ሺݑሻ 

ൌ  ൫݁୧௨௒൯ܧ൫݁୧௨௑൯ܧ
ൌ exp ቀെߣ൫1 െ ݁୧௨൯ቁ exp ቀെߤ൫1 െ ݁୧௨൯ቁ 

ൌ exp ቀെሺߣ ൅ ሻ൫1ߤ െ ݁୧௨൯ቁ 
Therefore, ሺܺ ൅ ܻሻ ׽ ࣪ሺߣ ൅  .ሻߤ
 

 Other ways to show this result. Let ݇ א Ժ. 

ܲሺܺ ൅ ܻ ൌ ݇ሻ ൌ ෍ ܲሺܺ ൌ ݅, ܻ ൌ ݇ െ ݅ሻ
௞

௜ୀ଴

 

ൌ ෍ ܲሺܺ ൌ ݅ሻܲሺܻ ൌ ݇ െ ݅ሻ
௞

௜ୀ଴

 

ൌ ෍
݁ିఒߣ௜

݅! ڄ
݁ିఓߤ௞ି௜

ሺ݇ െ ݅ሻ!

௞

௜ୀ଴
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ൌ
݁ିሺఒାఓሻ

݇! ෍
݇!

݅! ሺ݇ െ ݅ሻ! ௞ି௜ߤ௜ߣ
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ୀሺఒାఓሻೖ

௞

௜ୀ଴

 

ൌ
݁ିሺఒାఓሻ

݇!
ሺߣ ൅  ሻ௞ߤ

ൌ ࣪ሺߣ ൅  ሻߤ
 

 Let ଵܺ, … , ܺ௡ be ݊ iid r.v. with ܧ ௝ܺ ൌ ଵ
௡

∑ ௝ܺ
௡
௝ୀଵ ൌ ݉ and ܸܽݎ ௝ܺ ൌ Σ 

߶௑ത೙ሺݑሻ ൌ ்ݑሾexpሺiܧ തܺ௡ሻሿ 

ൌ ܧ ቎exp ቌi்ݑ 1
݊ ෍ ௝ܺ

௝ୀଵ

ቍ቏ 

ൌ ܧ ቎ෑ exp ቆ
i்ݑ

݊ ௝ܺቇ
௡

௝ୀଵ

቏ 

ൌ ෑ ܧ ቈexp ቆ
i்ݑ

݊ ௝ܺቇ቉
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

థ೉ೕሺ௨ ௡⁄ ሻ

௡

௝ୀଵ

, by independence 

ൌ ቂ߶௑ೕ ቀ
ݑ
݊ቁቃ

௡
, by identically distributed  

 This result is useful to understand the asymptotic behavior of തܺ௡: 
߶√௡ሺ௑ത೙ି௠ሻሺݑሻ ൌ ܧ ቂexp ቀi்ݑ√݊ሺ തܺ௡ െ ݉ሻቁቃ 

ൌ ܧ ቎exp ቌi
ݑ

√݊
෍൫ ௝ܺ െ ݉൯

௡

௝ୀଵ

ቍ቏ 

ൌ ൤߶௑ೕି௠ ൬
ݑ

√݊
൰൨

௡
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Deriving the Normal Distribution (cont’d) 
 

 We have ଵܺ, … , ܺ௡ iid with ܧ ௝ܺ ൌ ݉ and ܸܽݎ ௝ܺ ൌ Σ 

߶௑ത೙ሺݑሻ ൌ ቂ߶௑ೕ ቀ
ݑ
݊ቁቃ

௡
 

 
߶√௡ሺ௑ത೙ି௠ሻሺݑሻ ൌ ሺ݊√்ݑexp൫iൣܧ തܺ௡ െ ݉ሻ ൯൧ 

ൌ ܧ ቎exp i
1

√݊
෍ ൫்ݑ ௝ܺ െ ݉൯

௡

௝ୀଵ

቏ 

ൌ ൤߶௨೅൫௑ೕି௠൯ ൬
1

√݊
൰൨

௡

 

where the second equality is justified by: 

ሺ݊√்ݑ തܺ௡ െ ݉ሻ ൌ ்ݑ݊√ ቎
1
݊ ෍ ௝ܺ െ ݉

௡

௝ୀଵ

቏ 

ൌ √݊ ڄ
்ݑ

݊ ෍൫ ௝ܺ െ ݉൯
௡

௝ୀଵ

 

ൌ
1

√݊
෍ ൫்ݑ ௝ܺ െ ݉൯

௡

௝ୀଵ

 

and the third equality is justified by: 

ܧ ቎exp ቌ
i

√݊
෍ ൫்ݑ ௝ܺ െ ݉൯

௡

௝ୀଵ

ቍ቏ ൌ ܧ ቎ෑ exp ቌ
i

√݊
෍ ൫்ݑ ௝ܺ െ ݉൯

௡

௝ୀଵ

ቍ
௡

௝ିଵ

቏ 

ൌ ෑ ܧ ቎exp ቌ
i

√݊
෍ ൫்ݑ ௝ܺ െ ݉൯

௡

௝ୀଵ

ቍ቏
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

థೠ೅ቀ೉ೕష೘ቁ൬ ଵ
√௡

൰

௡

௝ୀଵ

 

 
 So we have transformed the a function of a ݀-dimensional vector ݑ into a function of a real 

number 1 √݊⁄ . Let  
݂ሺݔሻ ൌ ߶௨೅൫௑ೕି௠൯ሺݔሻ 

Taking the Taylor expansion of ݂ሺڄሻ 

݂ሺݔሻ ׽ ൥݂ሺ0ሻ ൅ ݂ᇱሺ0ሻሺݔ െ 0ሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ୀ଴

൅
݂ᇱᇱሺ0ሻሺݔ െ 0ሻ

2! ൅ ଶሻᇣᇤᇥݔሺ݋
ଵ ௡⁄

൩ 

 Substitute back the original function 

߶√௡ሺ௑ത೙ି௠ሻሺݑሻ ൌ ൤߶௨೅൫௑ೕି௠൯ ൬
1

√݊
൰൨

௡
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ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ

1 ൅ ߶௨೅൫௑ೕି௠൯
ᇱ ሺ0ሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ୀ୧ாቀ௨೅൫௑ೕି௠൯ቁୀ଴

1
√݊

൅ ߶௨೅൫௑ೕି௠൯
ᇱᇱ ሺ0ሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ

୧మா൤ቀ௨೅൫௑ೕି௠൯ቁ
మ

൨

ୀି௏௔௥ቀ௨೅൫௑ೕି௠൯ቁ

ୀି௨೅ஊ௨

1
2݊ ൅ ݋ ൬

1
݊൰

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

௡

 

ൌ ቈ1 െ
ݑΣ்ݑ

2݊ ൅ ݋ ൬
1
݊൰቉

௡

 

ൌ exp ቊln ቊቈ1 െ
ݑΣ்ݑ

2݊ ൅ ݋ ൬
1
݊൰቉

௡

ቋቋ 

ൌ exp

ە
ۖ
۔

ۖ
ۓ

݊ ڄ ln ቊቈ1 െ
ݑΣ்ݑ

2݊ ൅ ݋ ൬
1
݊൰቉ቋ

ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
ൎି௨೅ஊ௨

ଶ௡ ۙ
ۖ
ۘ

ۖ
ۗ

 

ൎ exp ቆെ
ݑΣ்ݑ

2 ቇ 

 
 Conclusion. For any ௝ܺ iid with ܧ ௝ܺ ൌ ݉ and ܸܽݎ ௝ܺ ൌ Σ, 

߶√௡ሺ௑ത೙ି௠ሻሺݑሻ
௡՜ஶ
ሱۛ ሮۛ exp ቆെ

ݑΣ்ݑ
2 ቇ 

 Question 1: What does it mean to have ߶௒೙ሺݑሻ ՜ ߶௒ሺݑሻ? 
 Convergence in distribution 

 Question 2: What is ܻ when ߶௒ሺݑሻ ൌ exp ቀെ ௨೅ஊ௨
ଶ

ቁ? 
 Normal r.v. 

 
 Definition. For r.v. ܺ௡ in Թௗ and ܺ  

ܺ௡
ௗ
՜ ܺ  ֞ ݑ׊   א Թௗ ׷ ߶௑೙ሺݑሻ

௡՜ஶ
ሱۛ ሮۛ ߶௑ሺݑሻ 

 
 Theorem. ܺ௡

௉
՜ ܺ  ֜   ܺ௡

ௗ
՜ ܺ. 

 
 Recall that  

ଶܮ   ֜   ܽ. ֜  .ݏ   ܲ  ֜   ݀ 
 

 Example. ௜ܺ
ௗ
՜ ଵܺ, but  

ܲሺ|ܺ௡ െ ଵܺ| ൐ ߳ሻ ൌ ܲሺ|ܺଶ െ ଵܺ| ൐ ߳ሻ ե 0 
where the equality is justified by 

ܲሺ௑భ,௑೙ሻ ൌ ܲሺ௑భٔ௑೙ሻ ൌ ܲ௑భ ٔ ܲ௑೙ ൌ ܲ௑భ ٔ ܲ௑మ ൌ ܲሺ௑భ,௑మሻ 
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 Convergence in distribution is about ܧሾ݄ሺܺ௡ሻሿ ՜  ሾ݄ሺܺሻሿ as long as ݄ is continuous. Butܧ
ܲሺܺ א ሻܣ ൌ  .ሾ૚஺ሺܺሻሿ is not continuousܧ
 

 Central Limit Theorem. Suppose ௜ܺ’s are iid with ܧ ௜ܺ ൌ ߤ ൏ ∞ and ܸܽݎሺ ௜ܺሻ ൌ ߪ ൏ ∞. 

√݊
തܺ௡ െ ߤ

ߪ
  ௗ  
ሱሮ ܰሺ0,1ሻ. 

Let  
ܵ௡ ؔ ଵܺ ൅ ڮ ൅ ܺ௡ 

ܼ௡ ؔ
ܵ௡ െ ߤ݊

݊√ߪ
ൌ

തܺ௡ െ ߤ
ߪ √݊⁄

, തܺ௡ ݁ݎ݄݁ݓ ؔ
ܵ௡

݊  

௜ܻ ؔ
തܺ௜ െ ߤ

ߪ . 
Then,  

ܼ௡ ൌ ෍ ௜ܻ

√݊

௡

௜ୀଵ

 

http://en.wikipedia.org/wiki/Central_limit_theorem#Proof 
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Convergence in Distribution 
 

 Definition. ܺ௡, ܺ are r.v. in Թௗ 
ܺ௡

ௗ
՜ ܺ  ֞ ݑ׊   א Թௗ ׷ ߶௑೙ሺݑሻ

௡՜ஶ
ሱۛ ሮۛ ߶௑ሺݑሻ 

 
 Theorem. ܺ

௣
՜ ܺ  ֜   ܺ௡

ௗ
՜ ܺ. 

 Lemma. ܺ௡
ௗ
՜ ܺ  ֞ ݑ׊   א Թௗ ׷ ௡்ܺݑ

ௗ
՜  ்ܺݑ

Recall that  
ܺ௡

௣
՜ ܺ  ֞ ߳׊   ൐ 0, ଴݊׌ א Գ, ݊׊ ൒ ݊଴, ߟ׊ ൐ 0 ׷ ܲሺ|ܺ௡ െ ܺ| ൐ ߳ሻ ൏  ߟ

Want to show that the distance of two characteristic functions goes to zero: 
ห߶௑೙ሺݑሻ െ ߶௑ሺݑሻห ൌ หܧ൫݁୧௨௑೙ െ ݁୧௨௑൯ห 
൑ ห݁୧௨௑೙ൣܧ െ ݁୧௨௑ห൧ 

ൌ නห݁୧௨௑೙ െ ݁୧௨௑ห݀ܲ௑ 

ൌ න ห݁୧௨௑೙ െ ݁୧௨௑ห݀ܲ௑

|௑೙ି௑|ஸఢ
൅ න ห݁୧௨௑೙ െ ݁୧௨௑ห݀ܲ௑

|௑೙ି௑|வఢ
 

Note that in the second term, 
ห݁୧௨௑೙ െ ݁୧௨௑ห ൑ ห݁୧௨௑೙ห ൅ ห݁୧௨௑ห ൑ 2 

֜   න ห݁୧௨௑೙ െ ݁୧௨௑ห݀ܲ௑

஺೙

൑ න 2݀ܲ௑

஺೙

 

֞   න ห݁୧௨௑೙ െ ݁୧௨௑ห݀ܲ௑

஺೙

൑ 2 න ૚஺೙݀ܲ
஺೙

ൌ 2ܲሺܣ௡ሻ 

where  
௡ܣ ൌ ሼ߱ א Ω ׷ |ܺ௡ሺ߱ሻ െ ܺሺ߱ሻ| ൐ ߳ሽ 

For the first term, since ݁୧௨௑ is continuous 
ห݁୧௨௑೙ െ ݁୧௨௑ห ൑ ሺ߳ሻܲሺ|ܺ௡ߙ െ ܺ| ൑ ߳ሻ 

 
 In the end, what we have “shown” is  

ห߶௑೙ሺݑሻ െ ߶௑ሺݑሻห ൏  ߟ
 To prove convergence, separate the set into two: one that has probability zero, the other 

that doesn’t have probability zero, but get a bound for the thing that’s inside the intergral. 
 

 Theorem. Characterization of convergence in distribution: 
ܺ௡

ௗ
՜ ܺ  ֞ ሾ݄ሺܺ௡ሻሿܧ   ՜  ሾ݄ሺܺሻሿܧ

for any continuous and bounded function ݄. 
 

 Theorem.  
ܺ௡

ௗ
՜ ܺ  ֞ ሻݔ௑೙ሺܨ   ՜  ሻݔ௑ሺܨ

for any ݔ where ܨ௑ሺݔሻ is continuous. 
 

 Example. Let ܺ௡ ׽ భߜ
೙
 and ܺ ׽ భߜ ଴. Considerߜ

೙
՜   .଴ߜ



Econ 831 Math Econ  Nov 29, 2010 

 Page 57 of 61 

ܺ௡ ׽ ଵߜ
௡

  ֜ ሻݔ௑೙ሺܨ   ൌ ଵߜ
௡

൫ሺെ∞, ሿ൯ݔ ൌ ൞
1 if 

1
݊ ൑ ݔ

0 if 
1
݊ ൐ ݔ

  

Thus,  
lim

௡՜ஶ
ሻݔ௑೙ሺܨ ൌ ቄ1 if  0 ൏ ݔ

0 if  0 ൒  ݔ
But  

ሻݔ௑ሺܨ ൌ ,∞଴൫ሺെߜ ሿ൯ݔ ൌ ቄ1 if  0 ൑ ݔ
0 if  0 ൐  ݔ

Therefore, ܨ௑௡ converges to ܨ௑ everywhere except at point 0. 

 Note. If ௑݂೙

௔.௦.
ሱሮ ௑݂, then ܺ௡

ௗ
՜ ܺ. 
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Normal Distribution 
 

 What we have done so far is to consider  
௜ܺ ׽ ݅݅݀ ׷ ܧ ௜ܺ ൌ ݎܸܽ  &  ݉ ௜ܺ ൌ Σ 

√݊ሺ തܺ௡ െ ݉ሻ
ௗ
՜ ሻݑ௒ሺ߶   ݐ݄ܽݐ ݄ܿݑݏ    ܻ ൌ exp ቆെ

ݑΣ்ݑ
2 ቇ 

 
 Definition. The standard normal distribution ࣨሺ0,1ሻ with density function 

݂ሺݔሻ ൌ
1

ߨ2√
exp ቆെ

ଶݔ

2 ቇ , ݔ׊ א Թ 

 It is not easy to define in close form ܨሺݔሻ  
 Difficult to show that ׬ ݂ሺݔሻ݀ݔԹ ൌ 1 

 
 

 Definition. Normal distribution ࣨሺ݉, ݉ ଶሻ whereߪ א Թ and ߪଶ א Թഥ ା ൌ ሺ0, ∞ሻ 
ܻ ׽ ࣨሺ݉, ଶሻߪ   ֞   ܻ ൌ ݉ ൅  ܺߪ

֞ ሻݕ௒ሺܨ   ൌ Φ ቀ
ݕ െ ݉

ߪ ቁ 
where ܺ ׽ ࣨሺ0,1ሻ, and  

Φሺݔሻ ൌ න
1

ߨ2√
݁ି௨మ ଶ⁄ ݑ݀

௫

ିஶ
 

 
 Moment generating function 

ሻݑ௒ሺܮ ൌ  ሻሿܻݑሾexpሺܧ
ൌ ݉ݑሾexpሺܧ ൅  ሻሿܺߪݑ
ൌ expሺ݉ݑሻ ڄ  ሻሻܺߪݑሺexpሺܧ
ൌ expሺ݉ݑሻ ڄ  ሻݑఙ௑ሺܮ
ൌ expሺ݉ݑሻ ڄ  ሻݑߪ௑ሺܮ

Here,  
ሻݑ௑ሺܮ ൌ  ሻሿܺݑሾexpሺܧ

ൌ න ݁௨௫ 1
ߨ2√

݁ି௫మ ଶ⁄ ݔ݀
ାஶ

ିஶ
 

ൌ න
1

ߨ2√
݁ିሺ௫ି௨ሻమ

ଶ ା௨మ

ଶ ݔ݀
ାஶ

ିஶ
 

ൌ ݁
௨మ

ଶ න
1

ߨ2√
݁ିሺ௫ି௨ሻమ

ଶ ݔ݀
ାஶ

ିஶᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
ୀଵ

 

ൌ ݁
௨మ

ଶ  
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 Moments. 
ሻݑ௒ሺܮ߲

ݑ߲ ൌ ሺ݉ ൅ ଶሻߪݑ exp ቆ݉ݑ ൅
ଶߪଶݑ

2 ቇ   ֜    
ሻݑ௒ሺܮ߲

ݑ߲ ቤ
௨ୀ଴

ൌ ݉ ൌ  ܻܧ

 
߲ଶܮ௒ሺݑሻ

ଶݑ߲ ൌ ሾሺ݉ ൅ ଶሻଶߪݑ ൅ ଶሿߪ exp ቆ݉ݑ ൅
ଶߪଶݑ

2 ቇ   ֜   
߲ଶܮ௒ሺݑሻ

ଶݑ߲ ቤ
௨ୀ଴

ൌ ݉ଶ ൅ ଶߪ ൌ  ଶܻܧ

Therefore,  
ܻݎܸܽ ൌ ሺܻଶሻܧ െ ሺܻܧሻଶ ൌ  ଶߪ
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 Dimensional Normal Distribution-ࢊ
 

 Definition. Let ܺ be a random vector in Թௗ. 
ܺ is a normal vector  ֞ ݑ׊   א Թௗ ׷ ்ܺݑ ׽ ࣨ. 

 
 If ܺܧ ൌ ݉ and ܸܽܺݎ ൌ Σ. We have  

ሻ்ܺݑሺܧ ൌ ,்݉ݑ ሻ்ܺݑሺݎܸܽ ൌ  .ݑΣ்ݑ

ሻᇣᇤᇥݑ௑ሺܮ
ாሺୣ୶୮ሺ௨೅௑ሻሻ

ൌ ௨೅௑ሺ1ሻܮ ൌ exp ቆ1 ڄ ሻ்ܺݑሺܧ ൅ 1 ڄ
ሻ்ܺݑሺݎܸܽ

2 ቇ ൌ exp ቆ்݉ݑ ൅
ݑΣ்ݑ

2 ቇ 

 
 Thus,  

ܺ ׽ ࣨሺ݉, Σሻ   ֞ ሻݑ௑ሺܮ   ൌ exp ቆ்݉ݑ ൅
ݑΣ்ݑ

2 ቇ   ֞   ߮௑ሺݑሻ ൌ exp ቆi்݉ݑ െ
ݑΣ்ݑ

2 ቇ 

 
 We can also show that  

௑݂ሺݔሻ ൌ
exp ቂെ 1

2 ሺݔ െ ݉ሻ்Σሺݔ െ ݉ሻቃ
ሺ2ߨሻௗ ଶ⁄ ሺdet Σሻଵ ଶ⁄  

as long as det Σ ് 0. 
 

 In dimension 1, we have: 

௑݂ሺݔሻ ൌ
1

ଶߪߨ2√
exp ቆെ

ሺݔ െ ݉ሻଶ

ଶߪ2 ቇ , ݔ׊ א Թ 

 
 Recall that: If ௜ܺ iid with ܧ ௜ܺ ൌ ݉ and ܸܽݎ ௜ܺ ൌ Σ, then  

√݊ሺ തܺ௡ െ ݉ሻ
ௗ
՜ ܻ   with   ߮௒ሺݑሻ ൌ exp ቆെ

ݑΣ்ݑ
2 ቇ 

Thus, ܻ ׽ ࣨሺ0, Σሻ. 
 

 Central Limit Theorem.  
 Let ௜ܺ be iid with ܧ ௜ܺ ൌ ݉ and ܸܽݎ ௜ܺ ൌ Σ. Then,  

√݊ሺ തܺ௡ െ ݉ሻ
ௗ
՜ ࣨሺ0, Σሻ   and   തܺ௡ ՜ ࣨ ൬݉,

Σ
݊൰ 

 
 Consider 2 r.v. ܺ, ܻ 

ቀܺ
ܻቁ ׽ ࣨሺ݉, Σሻ   ֞   ߮ቀ௑

௒ቁ ቀݑ
ቁݒ ൌ exp ቆi ቀݑ

ቁݒ
்

݉ െ
1
2 ቀݑ

ቁݒ
்

Σ ቀݑ
 ቁቇݒ

 
Suppose ܺ, ܻ are not correlated. This is true if and only if 

,ሺܺݒ݋ܥ ܻሻ ൌ 0  ֞   Σ ൌ ൤Σ௑ 0
0 Σ௒

൨ 

where Σ௑ ൌ and Σ௒ ܺݎܸܽ ൌ   ,Then .ܻݎܸܽ

ቀݑ
ቁݒ

்
Σ ቀݑ

ቁݒ ൌ ݒΣ௑்ݑ ൅  ݒΣ௒்ݒ
Then, 
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߮൫௨
௩൯ ቀݑ

ቁݒ ൌ exp ቆi்݉ݑ௑ െ
ݒΣ௑்ݑ

2 ቇ ڄ exp ቆi்݉ݒ௒ െ
ݒΣ௒்ݒ

2 ቇ ൌ ߮௑ሺݑሻ߮௒ሺݒሻ 

where  
݉ ൌ ቀ

݉௫
݉௒

ቁ ൌ ቀܺܧ
 ቁܻܧ

This implies that ܺ, ܻ are independent. 
 
In general,  

ቀܺ
ܻቁ ׽ ࣨ  ֜ ,ሺܺݒ݋ܥ   ܻሻ ൌ 0  ֞   ܺ, ܻ are independent 

 
 Transformation of r.v. 

 Let ܺ be r.v. in Թௗ.  
݃ ׷ ܺ ՜ ܻ 

where ݃ is bijective. 
 

ሺܻሻܧ ൌ ሾ݃ሺܺሻሿܧ ൌ න ݃ሺݔሻ ௑݂ሺݔሻ݀ݔ 

ൌ න ݃ ሾ݃ିଵሺݕሻሿᇣᇧᇧᇤᇧᇧᇥ
ୀ௫

௒݂ሺݕሻ݀ݕ 

ൌ න ݃ሺݔሻ ௒݂൫݃ሺݔሻ൯|ܬ௚ሺ௫ሻ|݀ݔ 

Here we have 
௒݂ሺݕሻ ൌ ௑݂൫݃ିଵሺݕሻ൯หܬ௚షభሺ௬ሻห 

 
 

 


